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1. Lich s nghién ctu va ly do chon dé tai

Phuong trinh dao ham riéng nhiéu pha dugc st dung dé mo ta cac hien
tugng ma tinh chat ctia ching phu thudc vao huéng. Mot ting dung tieu
biéu clia 16p phuong trinh nay la bai toan khi nhiéu anh thong qua mo
hinh truyéen nhiét. Trong khi phuong trinh truyen nhiét ding huéng, véi co
ché khuéch tan tuyén tinh, thiyc hién qué trinh lam min 4nh mot cach dong
déu va do d6 dan dén hién tuong lam mo cac canh va bién anh, thi phuong
trinh truyén nhiét nhiéu pha cho phép mo hinh héa qua trinh khuéch tan cé
chon loc theo timg huéng. Cu thé, cac mo hinh khuéch tan nhiéu pha, chang
han nhu phuong trinh Perona—Malik [36], cho phép ting cudng khuéch tan
trong cac ving anh dong nhat nham gidm nhiéu, dong thoi han ché khuéch
tan theo phuong vuoéng géc véi cac canh, noi xay ra su thay déi manh veé
do sic nét, nho dé bao toan hiéu qua cac thong tin quan trong nhu canh va
bién 4nh. Ngoai ra cac phuong trinh nhiéu pha con duge dung trong phuc
ché anh. Cac phuong trinh dao ham riéng nhiéu pha cho phép truyen thong
tin theo nhitng huéng da c6 cau tric anh, ching han nhu huéng clia céc
canh, duong bién hoac hoa van, qua d6 qué trinh noi suy anh dién ra mot
cach c6 dinh huéng, bao toan tot hon hinh dang va cau tric ctia anh goc.
O khia canh vat 1y va khoa hoc vat liéu, cac phuong trinh dao ham riéng
nhieéu pha déng vai tro quan trong trong thiét ké vat lieu di huéng véi céac
tinh chat khac nhau [30].

Bén canh cac phuong trinh dao ham riéng mang tinh dia phuong, trong
nhiéu mo6 hinh toan hoc hién dai con xuat hién cidc phuong trinh chita toan

tt khong dia phuong, nham mo6 ta nhiing hién tugng c6 tuong tiac dai han



hoac phu thuoc vao toan mién, cac nha toin hoc danh su quan tam vao
nghién cttu cic toan tit khong dia phuong loai elliptic (bao gom toan ti
Laplacian thit, p-Laplace phan thi) trong ca nghién ctu ly thuyét 1an tng
dung. Céc 16p toan tit nay phat sinh kha tu nhién trong nhiéu boi canh khéc
nhau nhu: T6i vu héa, tai chinh, sy khuéch tan bat thuong, mit cuc ticu, su
x40 tron tinh the, dinh luan bao toan, co hoc lugng ti, khoa hoc vat lieu,
séng nude, phan ting hoéa hoc clia chat 1ong, dong luc hoc dan s6, dong luc
hoc vé chat 16ng dia vat 1y [21], 37]. Cac nghién citu vé phuong trinh chita
toan tit khong dia phuong rat da dang, c6 thé ké ra cac huéng chinh nhu:
1. Nghién cttu sy ton tai nghiém yéu ciia cic phuong trinh dao ham riéng
phan th.

2. Nghién citu tinh chat ctia nghiém nhu tinh chinh quy, tinh d6i xing, dang
diéu tiém can cua nghiém, . ...

3. St biing no ctia nghiém cac phuong trinh khuéch tan (truyén nhiét, truyén
song).

Trong luan an nay, ching toi tap trung vao huéng nghién ctu dau tien. o)
huéng nghién cttu nay, van dé nghién ctiu cling hét sitc da dang do sy xuat
hién ctia nhiéu dang phuong trinh khac nhau. Bai toan kiéu Kirchhoff xuat
phat tit phuong trinh kiéu

L

(P E 2 _
um (h +2L i |y | da:)um—o, (1)

trong d6 p, L, E, h, py 1a cac hing so6 v6i ¥ nghia vat 1y nhat dinh, Kirch-
hoff [42] coi n6 nhu mot sy mé rong clia phuong trinh séng ¢ dién cla
D’Alembert ding dé mo ta dao dong ngang ctia mot soi day cang. Tham
khio them trong [32, [63] vé bai toan kiéu Kirchhoff ¢6 dién. Trong [25], Fis-
cella va Valdinoci dua ra moét § nghia vat 1y dang chi § ctia phuong trinh
kiéu Kirchhoff. Xuat phat tit trudng hop mot chiéu, Ho nhan thay ring luc
cang trén sgi day la mot dai lugng khong dia phuong, do phu thudc vao gia
tri trung binh ctia dong ning @ trén [0, L] va n6 c6 tinh chat khong dia
phuong do chuan H*® clia ham w trén khong gian Sobolev phan thi.
Phuong trinh Choquard duge cho béi

—Av+V(z)v = (I, * |[v]")|v]'2v  trong RY, p > 2,
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trong d6 I, 1a thé vi Riesz dugc xac dinh v6i méi diem 2 € RY \ {0} béi

Aq
lo(z) = MT_@,

(%)

NEEED

trong d6 I' 1a ham Gamma. P. Choquard [46] 1a nguoi dau tién nghién ctu

A, = e (0,N),

phuong trinh Choquard nhim mo t4 mot electron dao dong xung quanh
ving quy dao ciia né. Phuong trinh nay cling xuat hién trong 1y thuyét
vé polaron & trang thai nghi [34], 35, 59] ciing nhu trong cdAc mo hinh mo
ta tuong tac gitta co hoc lugng tit phi tuong d6i va hap dan [40, (6, 60].
Trong cac cong trinh Lieb [46] va Lions [47], sy ton tai cia nghiém yéu cho
phuong trinh Choquard duge nghién citu bang ki thuat bién phan, va chii
dé nay dugc nhiéu tac gid sau do6 tiép tuc nghién cttu. Nam 2019, Teng va
Agarwal [74] nghién cttu sy ton tai ciia nghiém khong am véi nang lugng
cuc tiéu va su khong ton tai nghiem véi ning lugng cuc tiéu ctia phuong
trinh Choquard-Schrodinger-Poisson nhu sau

(—A)v + V(z)v+ K(x)gbf)\mq_zv = (I, * |[v")|[v|P"?v trong R?, (2)
K@,

'3 —2t
trong do ¢l (z) = f P —y|3 sy, ¢ =7 -2

I
(0,1),p,q > 2 va céc the vi V va K théa man mot so6 gid thiét phit hop.

—3/22—2t S,t c

Y tudng chinh ctia ho la ching minh b6 dé vé 1y thuyét phan ra trén mot
day cédc ham trong khong gian Sobolev phan thit va bo dé vé tinh co dic
compact. St dung hai bo dé nay va két hgp v6i mot anh xa trung tam
han ché trén da tap Nehari lien két véi phuong trinh (2)), ho chi ra sy ton
tai nghiém véi nang lugng cuc tiéu cho phuong trinh trén. Nam 2022, Qin-
Radulescu-Tang [65] nghién cttu nghiém véi nang lugng cuyc tiéu ctia phuong
trinh Choquard-Pekar

—Av+V(z)v=(W=xF@))f(v),N >2 2R, (3)

trong dé 0 thudc phd ciia toan tit Schrodinger —A-+V va V 1a ham tuan hoan
v6i chu ky 1. Nghiém véi nang lugng cuc tieu cia thu duge dudi mot gia
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thiét thich hop ctia thé vi W va ham phi tuyén f. Ba nha toan hoc trén chiing
minh sy ton tai nhiéu nghiém bang cach sit dung phuong phap bién phan
va bo dé bién dang. Chiing t6i gidi thiéu cong trinh ctia Moroz-Schaftingen
[55] nhut mot tai lieu téng quan cho phuong trinh Choquard. Bai todn hai
pha dugdc phat trién tit 1§ thuyét dan hoi phi tuyén. Gia st Du 14 ma tran
c6 kich thuée N x N clia cac gradient, va u : Q C RY — RY (N > 2) 1a do
dich chuyén. Tong nang lugng duge biéu dién béi I(u) = [ f(z, Du(z))dz,
voi f = f(z,&) : Q x RY*Y — R 1a ham kha 15i theo bié?l thit hai va Q 1a
mién bi chan véi bién tron. Ching toi xét ning luong cuc tiéu ctia ham [
trén tap hodc khong gian nhat dinh va cac tinh chat ciia nghiém cho truong
hop nay. Trong [R1, 82], Zhiko da mo ta ban chat clia mot s6 hién tugng
lien quan dén ham phi tuyén I dong thoi gidi thieu mot s6 ham ning luong
lién hé v6i mo hinh Lavrentiev.

Nam 2020, Ambrosio-Radulescu [16] cong bd cong trinh vé sy ton tai

nghiém yéu clia phuong trinh chita toan tit hai pha (p, ¢)-Laplace dang;:
(—A)yv + (=A)v + V(Cx)(Jo' %o + o] *7%0) = f(v) trong RY,  (4)
. N
trong d6 ¢ > 0 la tham s6 nho, s € (0,1),1 < p < ¢ < — va f la ham
s
lien tuc v6i do tang ma dudi han trong khong gian Sobolev phan thi va V
théa man mot so6 dicéu kién nhat dinh. Nam 2022, Zhang-Tang-Radulescu

[78] nghién ctu phuong trinh phan tht hai pha trong truong hgp do ting

mil t6i han va trén t6i han trong RV c¢6 dang
(=A)v + (=A)qu + V(¢z)(Jo]" v + [0]"%v) = h(v) + [o| v, (5)

trong d6 r = ¢* hodc r > ¢ va h : R — R la cdc ham lién tuc. Luu y rang
khi s — 17, phuong trinh (4) tré thanh

— A — Ay + V(¢Cx)(Jv]P~2v + [v]T %) = §(v) trong RY, (6)
trong d6 A,v = div(|Vo|""*Vv),r € {p, ¢}. Phuong trinh
vy = div((|VolP 2 + | V|7 2)V(0)) + c(z,v) (7)

lien quan dén viéc nghién citu phuong trinh @ va ¢6 nhiéu ing dung trong

thiét ké phan tng héa hoc, sinh 1§ hoc, va vat 1y plasma [15, 27]. Ham
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¢(x,u) dic trung cho sy hao hut va gan lién v6i nguon ctia phuong trinh doé.
Phuong trinh Born-Infeld [18], 19, 20], dya trén mot bién phan ctia mat do
Maxwell’s Lagrangian va ton tai trong dién tit hoc, dién tinh hoc va dién

dong hoc, 1a ngudn cam himmg cho phuong trinh nhiéu pha trong RY :

. Vu N
—div ((1 — 2|Vu|2)1/2) = h(u) trong R™.

That vay, st dung khai trién Taylor ta thu dugc

(1—1)2 = i 2n) <1

n{mn!)2
— 47 (n!)

Ap dung t = 2|Vu|? vio cong thitc trude do, ta thu duge toan tit nhu sau
(2n — 3)!

3
— — S S S P T Y
Au — Agu 2A6u Gn =Dl (n — )1Asu
Z v
day la toan tir xap xi bac n cua —div ((1 — Z\VuuP)l/2> :

Trong phuong trinh @, khi f 1a ham Choquard, Zhang-Zhang-Radulescu
[79] da nghién cttu sy nhicu va sy ¢6 dic nghiém clia phuong trinh sau:

—CPALU—CIA OV () (|JvP 20+ |v] %) = (“_N(ﬁ*F(v))f(v) trong RY,

trong d6 § 14 ham kha vi va thé vi V' 13 lien tuc va théa man mot s6 gid
thiét phut hgp. Phuong trinh hai pha véi dang Choquard dugc nghién ctiu
béi Xie-Wang-Zhang [77]:

1

— A — A+ V() (v ?v + |7 %) = (W « F(v))f(v) trong RY,

trong d6 1 <p < g < N,0 < p < N, ham thé vi V va ham § théa man cac
gia thiét phu hop.
Nam 2024, Ambrosio [9] va Zheng cuing cac cong su [80] nghién ctu su

nhiéu nghiém va sy co6 dac nghiém cho bai toan:

(A0 + (—A)w + V(Ca) (o2 + o]t 2) = (i ‘ F<v>) i), (8)

||

trong d6 V' théa man cac dieu kién sau:



(V1) Ton tai ham thuc duong Vi sao cho V(z) > Vp véi moi € RY;
(V3) Ton tai mot tap bi chan A C RY sao cho

Vo = min V(z) < min V(x).

Cha § rang

M:={zeA:V(zx)=Vy} #0.
Ambrosio da chiing minh sy ton tai va nhiéu nghiém cta (8) bang phuong
phap phat, Iy thuyét Ljusternik-Schnirelmann, va phuong phap bién phan.
So véi bai toan dugce dua ra trong luan an, gia thiét vé V va f 1a khac nhau.
Hon nita, ta khong sit dung phuong phap phat do diéu kién ctia thé vi V.
Phuong trinh

(A0 + V(Ca)olP 20 = (@ L F))f(v) trongRY, (9

duge nghién citu béi Ambrosio trong [6]. Ngoai ra, khi p = 2, nam 2020,
Chen-Li-Yang [22] nghién cttu sy ton tai nhiéu nghiem va sy ¢o dic nghiem
cho phuong trinh:

(=AYt Vi = ¢ (o P0)i(0) + o

2] 272y trong RY, (10)
x

trong d6 V' thoa man dieu kien (V') va § thoa man cac gia thiét thich hop.
Trong phuong trinh @, khi s — 17, ta thu dugc phuong trinh p-Laplace
dang

1

—CPA 4V (Cx)|vP 20 = (W x F(v))f(v) trong RY. (11)

Theo gia thiét (V4), (V5) va ham phi tuyén § 1a kha vi, Alves-Yang [14]
da ching minh ring ¢6 1t nhat mot catpg, (M) nghiem yéu duong
thong qua phuong phap phat va 1y thuyét Ljusternik-Schnirelmann, trong
do Ms = {z € RN : dist(x, M) < §},6 > 0. Nam 2020, Liu-Yang-Chen
[48] chi ra sy ton tai vo han nghiém nit cho phuong trinh Choquard véi s6

mil t6i han kép nhu sau

—Au+u= (I, * F(u))F'(u) trong R, (12)



. (T w|? N+«
trong d6 N > 3. Ham phi tuyen F' = ’ | + u voi p = i va
p q o

_ N+a
TNy ?
phuong trinh c6 vo sO nghiem doi dau. Nam 2024, Liu va Perera [45]

nghién ctu su ton tai nghiem yéu cho bai toan hai pha trong RY c6 dang

Dia trén phuong phap nhiéu va cac tap bat bién, ho chi ra

—Aju — Ayu = Mh(x)|u|""2u + g(z)|ulP" "%u, thong qua nguyen ly co dic
compact clia Lions, véi 1 < ¢ < p < r < p*. Mot s6 két qua ve bai toan hai
pha véi diéu kien kiéu Berestycki-Lions type cho ham phi tuyén tinh, doc
gid c6 thé xem thém trong [10, 11].
Mot phuong trinh Schrodinger ky di ¢6 dang
Sz, u)
|z|”
trong A6 N > 2,0 <n < N,V : RY — R Ia ham lién tuc, f(x,s) lién
tuc trong RY x R. Khi n = 0, phuong trinh 14 phuong trinh elliptic co
dién khong chia ky di dude nghién citu lan dau béi Cao [23] nam 1992 cho
truong hop N = 2. Khi 0 < n < N, phuong trinh tré thanh phuong
trinh elliptic véi ky di. Nam 2010, Yang [2] chiing minh dugc sy ton tai

—div(|Vu|" P Vu) + V(2) [u]V P u = xeRY, (13)

nghiém khong tam thuong clia phuong trinh dang:

f(zx,u)

||
v6i 7 > 0. Khi d6, V' 1a ham lién tuc théa man cac diéu kién sau

(V1) V(x) > Vo > 0 v6i moi x € RY;

—div(|VuN 2 Vu) + V(@) [u]V P u = +eh(z),z € RN (14)

(V) V6i mdi ¢ > 0, ta c6 means ({z € RY : V(z) <c¢}) < oo, trong d6
means 1a mot do do Lebesgue trong RY.
f:RY x R — R la ham khong tuyén tinh théa man:
(Hy) Ton tai ba hing s6 duong «y, by, by > 0 sao cho
@) < by 7Y+ by (g YY)
v6i moi (z,7) € RY x RT| trong d6 ®y1(y) = ¥ — Zfif Z_]'

(Hs) Ton tai g1 > N sao cho v6i moi z € RY va 7 > 0,
0< puF(x,7)= /fxtdt<7'f(x7)

7



(H3) Ton tai hing s6 Ry, My > 0 sao cho véi moi z € RY va 7 > Ry,

F(z,7) < Myf(x, 7).

Ho da thiét lap mot bat déng thic kieu Trudinger-Moser suy bién va st
dung né cling véi cac phuong phap bién phan dé chiing minh su ton tai
nghiém yéu cho phuong trinh .

Nam 2015, Li and Yang [50] nghién ctu phuong trinh dang Kirchhoff-

Schrodinger nhu sau:
M (/ (IVuY +V(z) |u|N)d:1:> (—=div(|Vu|V 2 Vu)u+ V() [ul" )
RN
= NA(z) [ul" P u + f(u), = € RN, (15)

u € WHY(RY), 1 < p < N, ham Kirchhoff M(s) = s*, k > 0, ham thé vi
V : RY — (0, 00) Ia ham lién tuc bi chin dudi béi hing s6 duong va cé gidi
han duong vo cyc khi |2| — 0o, A > 0 la tham s6 thuyc, A(z) 1a ham duong
trong LNL—P(]RN ) va f(t) théa man diéu kien vé do tang mi. Theo nguyén ly
bién phan ctia Ekeland va Dinh 1y Vugt nai, ho chi ra sy ton tai ciia it nhat
hai nghiém trong W5H"(RY) ctia phuong trinh . Furtato va Zanata [26]

nghién ctu sy ton tai nghiém yéu ctia bai toan:
M (/ (|Vul” + b(:v)uQ)dx) (—Au+V(x)u) = A(x)f, x € R?,  (16)
RQ

trong d6 M (t) 1a ham s6 dang Kirchhoff, V' ¢6 thé nhan gid tri am va khong
¢6 gidi han +oo khi || — oo, A bi chan dia phuong va f ¢6 do tdng mi
t6i han. Khi M = 1, ho da stt dung cac phuong phap bién phan va mot bat
dang thitc kiéu Trudinger-Moser dé thu dugc két qua méi cho phuong trinh
Schrodinger co dién bing cach dua ra uéc lugng méi vé mic vust nai dua
vao mot s6 gia thiét phit hop clia ham phi tuyén.

Nam 2020, Thin [70] md ra hudng nghién cttu vé sy ton tai nghiem cho
phuong trinh k¥ di chita toan tit p-Laplace phan thit trong RY véi dang

Liu(z) + V() [ul' " u = % (17)

trong d6 v € [0, N), s € (0,1), £ 1a toan tit p-Laplace phan thit duge dinh



nghia baéi
Lyp(x) =2 lim p(x) = oW (p(2) = p() K (x - y)dy
e—0t RN\ B, (z)
v6i x € RY, o 1a ham di tron va K : RV \ {0} — R* 1a ham do duge. V
théa man cac dicu kien nhu bai toan , K, f thdéa man:
(K1) nK € LY(RY), trong dé n(z) = min {|z|”, 1}.

(K5) Ton tai ko > 0 sao cho K(z) > kol|z| ™" véi moi z € RN \ {0},
B.(z) ={y eRY : [z —y| <e}.

(f1) Ton tai cac hang s6 ag € (0, 5:),0 < By < ay, by, by > 0 sao cho ham
phi tuyén lien tuc f : RY x R — R thdéa man

(e, )] < bt + o s (g [tV ),
v6i moi (z,t) € RY x R, trong d6 dy4(y) = ¥ — 5262%,% =
min{j € N:j > p}.

(f2)" Ton tai mot hang s6 p > % sao cho
Fla, )t — pF(x,t) > —p|t|N*

v6i moi (z,t) € RN X R, p > 0 va F(a,t) = [ f(

F

(f3) Ton tai mot hang s6 B > 0 thoa man limsup,_,, ﬁ < B déu theo

T € RN vl mos BANJ/\Zi > 0.

(f1)" Ton tai v; > 0 dit 16n va 5 > 0 sao cho véi moi (z,t) € RY x R, ta c6

N/s
F(a,t) >y [t = [tV

Nam 2022, Zhang, Tang va Zhang [84] nghién citu phuong trinh elliptic kiéu
Kirchhoff:

{—M (||Vu||%) div(|Vul" "2 Vu) = f(z,u), trong Q,

(18)
u =0, trén OS2,

trong d6 Q C RY(IN > 2) 1a mién bi chin v6i bién tron, ham Kirchhoff
M : RY — R", f(z,s) ¢6 do tang mi t6i han. Ap dung Dinh 1y Vuot
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nii, ho thu duge nghiém vé6i nang lugng cuc tiéu kieu Nehari cia bai toan.
Bén canh d6, tit mot s6 uéc lugng mdéi, ho ching minh dude sy ton tai
nghiém khong tam thuong ctia phuong trinh . Ap dung bat ding thic
Trudinger-Moser, diéu kién hinh hoc ctia Dinh 1y Vuot nai va uée luong
ki¢u Min-max, S. Deng va S. Xiong [28] chitng minh sy ton tai nghiém véi
nang lugng cuc ticu cho bai toin Kirchhoff-Choquard phan thit chita toan
tit N/s-Laplacian dang

<ffR2N m_—gdxdy> Efv/ U = (Iu « F'(u)) f(u) trong RY

Y

u=0 trén RV \
(19)
trong d6 Q 1a mién bi chan vé6i bién Lipschitz trong RN va N > 1, ham
Kirchhoff M lien tuc, I, = |z|" ™ véi p € (0, N = [ f(r)dr, f 1a

ham lién tuc v6i do tang mi t61 han. Bén canh do,
F(u(y))
I, F(u)(x) = / dy.
(,U ())() Rw\x—y\”
Nam 2022, Kratou [41] sit dung phuong phap phan hoach da tap Nehari
dé nghien citu bai toan dang Kirchhoff chita toan tit p-Laplace phan tht
trong Q C RY dang:

M (fyon M drdy) L= Aa(a) lul' w225 o(@) ful = o]

(&mh%Nmmmwzw—um>m“2 cfa) ful' ol

(20)

trong d6 € 1a mién bi chan vé6i bién tron, N > ps, s € (0,1), 0 < a < 1,
0<B<lL2—-a—-FB<p<pl<q<pip;=x% N lasomuSObolev

11—«
2—a—p

phan thi, «, p 1a cdc tham s6, a,b,c € C (Q) la cac ham trong s6 khong
am, M(t) =k+1t""1, k>0,01,0 > 1.

Cung nam do, Yanjun va Chungen [51] nghién cttu sy ton tai nghiém véi
nang luong cuc tiéu cho phuong trinh kiéu Kirchhoff-Schrédinger ky di véi

ham phi tuyén ¢6 do ting mi trong RY nhu sau:

M (/RN Vu|Y + V(z) \u|ng;) <—ANu + V() uN 2 u) = %
(21)
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trong A6 N > 2,0 < np < N, Ayu = div(|[Vu[" " ?Vu). V 1a ham lien
tuc bi chan duéi béi mot s6 duong, f(x,t) ¢6 do ting mi t6i han. Dat
M(t) = [ M(s)ds va gid st M : R* — R* 1a ham lien tuc véi M(0) = 0
va thoa man cac diéu kién sau:

(mq) v6i moi d > 0, ton tai k := k(d) > 0 sao cho M (t) > k, Vt > d,

(mo) v6i moi t1,ts > 0, ta co

Mty + ta2) > M(ty) + M(ta),

M(t)
$+0-1

(mg3) ton tai 6 > 1 sao cho la tang trong (0, 00).

Tu dieu kien (ms3), ta c6 OM(t) — M(t)t > 0,Vt > 0. Hon nita, v6i moi
(z,t) € RY x (—00,0], f(z,t) = 0 va ta gia st ring f théa méan cac dicu

kién sau:

(H{) Ton tai cac hiang s6 duong t, va My sao cho
t
0 < Flat) = / f(x, $)ds < Mof(x,1),¥(z, 1) € RN x [t, +00)
0
(H}) Ton tai g, c1, ¢ > 0 sao cho v6i moi (z,t) € RY x RT,

flat) <ealt™ "+ [€a°|t|N_l — Sn-a(aw,t) ]

trong do
N=2 1,22
o [tV
sl t) = X
k=0 '

(H}) (Diéu kien Ambrosetti-Rabinowitz) Ton tai g > 6N sao cho

'
0 < pF(a,t) <t (o, t). Flat) = [ flamir,
0
trong d6 z € RY,t € R*.
(H}) limsup,_, o+ Nﬁ—éﬁ‘;t) < M(1)), déu trong RY.

(Hf) Ton tai ¢ > ON va C, sao cho f(z,t) > Ct? ! v6i moi (z,t) € RY x
(0,00), trong do6

N-1
C, = inf{C > 0: gM(VSN) — NCt! < gM <<(1 . %) Z—N) )}
0
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(H{) tfe%fl) tang ngat khi ¢ > 0.

Két hop phuong phap bién phan va udc lugng mic vugt nii, ho thu duodc
nghiém véi nang lugng cuc tiéu clia bai toan (21)).

Nam 2023, Zhang, Han va Thin [85] stt dung Dinh Iy Vugt nii dé ching
minh sy ton tai nghiém cho phuong trinh kiéu Schrédinger-Kirchhoff chita
toan tit p-Laplace phan thi dang

M (//RQN |u|ix)_;‘%(+gil|pd:vdy + /RN V(x) Ju(z)” da:)

X (E;u(x) + V(x) |ulf? u) = K(z)f(z,u), (22)

trong d6 M 1a ham Kirchhoff lién tuc, 0 < s <1 <p < oo, sp =N, [ la
ham s6 lién tuc trong RY x R véi do tang ma t6i han, K, V' la cac ham lién
tuc duong théa man cac dieu kién thich hop.

Nam 2024, ap dung phuong phap bién phan va ly thuyét pham tru
Ljusternik-Schnirelmann, Deng, Tian va Xiong [29] thu dugc két qua ve su
ton tai nhiéu nghiém va co6 dic nghiém cho phuong trinh Choquard trong
RY ¢6 dang

—Ndiv(|Vu)N P Vu) + V() [u)t P = eV, F(u) f(u),  (23)

trong d6 N > 3, div(|Vu|" "> Vu) 1a todn tit N—Laplacian, ¢ 1a tham s6
duong, f c6 do tang mu t6i han.

Nam 2024, Eddine, Ragusa va Repovs [31] da nghién ctiu sy ton tai nghiem
yéu ciia bai toan bién Dirichlet chita toan t p-Laplace nhiéu pha trén mién
bi chan. Ho da thiét lap Nguyeén 1y co6 dac compact cho mot day hoi tu yéu
trong khong gian Sobolev v6i s6 mil ham.

Xuét phét tit cac nghién ctu trén, ching toi thay mot sé6 van dé mé can
dugc kham pha thém nhu sau:

Van dé mé 1: Nam 2020, Chen-Li-Yang [22] nghién citu sy ton tai nghiém
cua phuong trinh Choquard chita toan ti Laplace phan thit va s6 mil

t6i han |v|?~2v. Ambrosio [6] nghién cttu sy ton tai nghiém yéu ctia phuong

trinh Choquard chita toan tit p-Laplace phan thit (9). Hon nita [9] va Zheng

cling cac cong sy [80] nghién cttu sy nhiéu nghiém va sy ¢o6 dic nghiém cho
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phuong trinh Choquard chita toan tit (p, ¢)-Laplace phan thi . Do dé
mot van dé ty nhién 1a md rong két qua ctia Chen-Li-Yang [22], Ambrosio
[6] cho phuong trinh Choquard phan thtt nhiéu pha v6i s6 mi t6i han.
Van dé md 2: Thin [70] nghién citu sy ton tai nghieém yéu ctia phuong
trinh ky di 1’ chita toan ti p-Laplace phan tht v6i do tang mi, Yanjun
va Chungen [51] nghién cttu sy ton tai nghiém ctia bai toan kiéu Kirchhoff
v6i ky di (21) chita toan ti p-Laplace v6i do ting mii. Van dé tu nhien la
md rong két qua ctia Thin [70] cho phuong trinh kiéu Kirchhoff.

Trong luan ndy nay, xuat phat tit mat khoa hoc va ting dung thic té cia
cac 16p toan tit khong dia phuong va phuong trinh dao ham riéng nhiéu pha,
ching t6i nghién cttu st ton tai va c¢o dac nghiém ctia mot sd 16p phuong
trinh elliptic chita toan tit p-Laplace phan thit. Ching toi hy vong rang su
két hop clia cac mo hinh nay sé mo ta duge nhiéu he thong vat 1y, sinh hoc,
héa hoc hon. Chiing toi ¢d ging giai quyét Van dé mé 1 va 2. Cu the,
luan an nghién citu sy ton tai nghiém yéu clia cAc phuong trinh phan thit
sau:

1. Phuong trinh Choquard phan thi nhiéu pha
m L1

S (=AY u+ mlul2u) = g3l * Hy(u)]h(u) + nsha(u),

i ||

trong d6 ham phi tuyén c6 do ting mil kieu Trudinger-Moser. Hon nita,
ching toi ciing nghién ctu sy ton tai nghiém ctia phuong trinh Choquard
phan thd nhiéu pha véi do tang t6i han

Z(—A);Z_v + v Z lv[P 2y
=1 =1
1 .
=+ F@)Jf0) + @520t (Prsy)

Su ton tai nghiém ctia (P, ~,) 1am co s6 trong ching minh sy ton tai nghiem
ctia phuong trinh tiép theo sau day.
2. Phuong trinh khong 6-t6-nom nhiéu pha Choquard chita toan tit phan
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Pi—2y,

PBCINAED (I

1 *
=\ (W * Q(Cy)F(v)> Q(¢x)f(v) + (v)= 20" v* (2) = max{v(z), 0}.
3. Cudi cung, ching toi xét phuong trinh Kirchhoff-Schrodinger phan thi
nhiéu pha véi ky di tren RY nhu sau:

i M; ( / /R (@) —u(y)[* Ki(e = y)dwdy + /R V(@) (@) da:)
x (L5 u(x) + V(@) [ul" " u) = / (’zif).

Sy lya chon dé tai “Sw ton tai vA c¢6 dic nghiém ctia mot sé 16p
phuong trinh elliptic chia toan tir p-Laplace phan tha" cta ching
toi nham lam phong pht thém cac két qui vé sy ton tai nghiem yéu cla
phuong trinh dao ham riéng chita toan tit p-Laplace phan th.

2. Muc dich va déi tuong nghién ciu

Trong luan an nay, muc dich ciia chiing to6i 1a chiing minh sy ton tai nghiém
yeu va van dé co dic clia nghiem cho mot s6 phuong trinh dao ham riéng
phan thd nhiéu pha.

D6i tuong nghién citu clia ching toi 1a phuong trinh phan thi nhiéu pha,
khong gian Sobolev phan th.

3. Tong quan vé luan an

a) Doi vdi van dé nghién ciu thi nhat, ching toi da:

- Chitng minh sy ton tai nghiém yéu ctia phuong trinh ctia cac phuong trinh
va, . Két qua chinh ctia chuong nay 1a Dinh 1y va Dinh 1y
[1.3.3] Dé chitng minh cac két qué nay, trude hét ching t6i chiing minh ring
phiém ham niang lugng clia bai todn tuong tng théa man dieu kién hinh
hoc ctia Dinh 1y vugt nai. Tt d6 suy ra ton tai day (P.S) véi miic vugt nai
duge uée luong. Tiép theo sit dung tiéu chuan compact kiéu Lions, ching
toi chi ra rang gidi han yéu ctia day (PS) 1a nghiém yéu khong tam thuong
cua bai toan da cho.

b) Doi vdi van dé thit hai:
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- Chiing toi chting minh sy ton tai nghiém yéu va sit c¢o dic clia nghiém cho
phuong trinh . Cac két qua chinh ctia chuong nay 1a Dinh 1y va
Dinh Iy . Dinh ly cho thay sy ton tai nghiém yéu clia bai toan
khong 6-t6-ném khi ¢ di nho va cuyc dai toan cuc ctia nghiém c6 dac
quanh cuc tiéu toan cuc ctia thé vi V' va cuc dai toan cuc ctia thé vi Q. Dinh
Iy noéi rang day nghiém ctia bai toan sau phép doi bién tinh tién
sé hoi tu t6i nghiém cia bai toan gisi han. Trong [6], [9], [22] va [80] khong
c6 cac két qua kiéu nay. Do d6 két qua nay ctia ching toi 14 méi. Phuong
trinh chita s6 mil t6i han va khuyét tinh compact ctia phép nhing
trong khong gian Sobolev phan thi, diéu nay gay kho khin cho ching ta
trong viéc nghién cttu ton tai nghiém yéu ciing nhu giéi han ctia day nghiém
yéu. So sanh v6i két quéa ctia Chen-Li-Yang, Ambrosio, Dinh 1y khi
m = 1, phuong trinh clia ching toi chita hai thé vi V' va Q, trong khi
bai toan ma Chen-Li-Yang [22], Ambrosio [6] xét chi chita mot thé vi V. Do
do6 két qua ctia chting toi 1a méi trong truong hop m = 1. Hién ciing chua c6
cac két qua cho m > 2 clia phuong trinh . Cac két qua ctia Ambrosio
[9], Zheng cung cac cong su [80] nghién cttu sy nhicu nghiem va sy co dic
45—2q,.

nghiém cho bai toan . Bai toan nay khong c6 s6 hang t6i han |u
Hon nita gia thiét ctia ham thé vi V' théa man dieu kien (V) va (V3), khac
véi gid thiét ctia V trong két qui ciia ching toi, dan dén ho dung phuong
phap chit cut ham phi tuyén dé nghién ciu sy ton tai nghiem. Do d6 két
qua ctia ching to6i 1a doc lap véi két qua ciia ho.

c¢) Déi vdi van deé thi 3:

- Dau tién, ching t6i chitng minh sy ton tai nghiém yéu cho phuong trinh
. Két qua dau tién 1a Dinh 1y . Véi cac dieu kién trén thé vi V,
ta c6 phép nhing compact tit khong gian nghiem W vao LI(RY,|z|77) 1a
v6l moi q > ﬁ T d6 ta chiing minh duge tinh compact ctia day (PS) va
giéi han yéu iﬁa n6 la nghiém cua bai toan da cho. Dinh Iy la mao
rong két qua ctia Thin [70]. Trong trudng hgp ham phi tuyén c6 do tang
trén t6i han, ching toi thu duge Dinh 1y vé sy ton tai nghiém yéu cla
phuong trinh . Dé chiing minh két qua nay, ching t6i gisi thieu ham
cai bien, dé dua bai toan vé truong hop t6i han. Tiép theo, ching toi thiét
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lap u6c luong L™ cho nghiém va chiing minh nghiém ciia bai toan cai tién
v6i ham cai bien dé xuat 1a nghiém ctia bai toan . Cac két qua
clia chuong nay dang duge cong bd trong [75]. Theo hiéu biét ciia ching
toi, hién chua c6 bat ky két qua nao cho sy ton tai nghiém yéu ciia phuong
trinh p-Laplacian phan thit v6i do tang mi trén t6i han. Do d6, két qua clia
chiing toi gop phan bo sung, 1am phong pht thém van dé ton tai nghiém cho
phuong trinh phan tht nhiéu pha v6i do ting mi kiéu Trudinger-Moser.
4. Phuong phap va cong cu nghién ctu

Luan an st dung phuong phap bién phan dé nghién citu su ton tai nghiem
yéu clia cic phuong trinh dat ra. Day 1a phuong phap nghién ctiu hiéu qua
da dugc céc nha toan hoc trong va ngoai nude st dung dé nghien ciu ton
tai nghiém yéu ctia caAc phuong trinh dao ham riéng.

Hon ntta, luan an st dung cac phuong phap nghién citu Iy thuyét nhu
phan tich, tong hop, phan loai va hé théng héa 1y thuyét. Cu thé, ching
t6i phan tich, tong hop céc két qua ciia céc tac gia da cong bb theo hudéng
nghién citu ctia dé tai, tit d6 phan loai ra cac chi dé ma cac tac gid trong
va ngoai nudc dang quan tam, nghién ctu. Tiép theo chung toi hé théng
hoéa cac chi de, ki thuat ma cac tac gid da st dung. Qua d6 ching toi phat
hién ra cac cau héi md, cac van dé can cai tién, cic van dé méi lam van dé
nghién cttu trong luan an.

5. CAu tric luan an
Luan an bao gom mdé dau, ba chuong luan an, két luan va tai lieu tham
khao.

Chuong 1: Su ton tai nghiém yéu cia bai todn phan thi nhiéu pha trong
R . Trong chuong nay, ching toi trinh bay vé ton tai nghiem yéu ctia phuong
trinh ctia cac phuong trinh va . Két qua chinh ciia chuong nay
la Dinh 1y va Dinh Iy . Cac két qua ciia chuong nay duge cong bo
trong [76] va [62, Dinh 1y 5].

Chuong 2: Su co dac cua nghiém cho phuong trinh Choquard phan thi
nhiéu pha trong RN vdi thé vi canh tranh. Cac két qua chinh cta chuong
nay 1a Dinh ly va Dinh 1y 2.2.5] Ngoai cac két qua chinh, ching toi
trinh bay chi tiét cac bo dé dimng dé chiing minh cac két qua chinh. Cac két
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qué ctia chuong nay duge cong bo trong [62].

Chuong 3: Su ton tai nghiém yéu cia phuong trinh kiéu Kirchhoff-Schrid-
inger phan thi nhiéu pha trong RN vdi do tang mi. Céac két qua chinh ciia
chuong nay 1a Dinh 1y va Dinh Iy 3.2.4 Céc két qua nay duge cong
b6 trong [75].

Ngoai viéc cong bd trén cac tap chi, cac két qud chinh ctia luan an da

dudce bao cao tai:

e Seminar ciia Bo mon Giai tich va Toan tng dung, Khoa Toan, Truong

Dai hoc Su pham, Dai hoc Thai Nguyén.

e Hoi nghi qubc té vé Hinh hoc va Dai s6 duge phéi hop to chic gitta
Truong Dai hoc Su pham- DHTN va Vién nghién citu cao cap vé Toan.
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Chuong 1

Su ton tai nghiém yéu ctia bai toan

phan thit nhieu pha trong RV

1.1 Mot sb kién thic chuan bi

Pinh nghia 1.1.1. Cho  la tap md trong RY va 1 < p < co. Ta dinh
nghia khong gian LP(€2) la khong gian cadc ham f do dugce trén 2 théa man

Hf”LP(Q) = (/Q |f(l‘)‘p dl‘)p < Q.

Dinh nghia 1.1.2. Cho s € (0,1) va 1 < p < oo, khéng gian Sobolev
phan thi W#?P(RY) duge dinh nghia 14 tap hop cic ham u € LP(RY) sao

cho:
y)[P 1/p
[u]wsr@yy = </RN /RN = |N+Sp dx dy < 0.

Khi do, ta dinh nghia:

Ws’p(RN) = {u i~ LP(RN) ’ [U]Ws,p(RN) < OO} .
Khong gian nay dugc trang bi chuan sau:
/p
lullweoeyy = (el + Wiy
Vé6i p = 2, ta ky hiéu
H*(RY) := W**(RY).
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V6i mbi v > 0, ta stt dung mot chuan khéac trén W*Pi(RY) nhu sau

1/p; .
RN) [ ]Wsz) 9 [ E {1,,m}

Ky hieu W = N, WPi(RY), khi d6 W khong gian Banach v6i hai chuan
tuong duong

Hu”,-y’WS,pi (]RN — (

m m
lullw = > lullwernqeyy 5 [l = Y [l e gs).
1=1 1=1

Khi d6, ta c6 thé dinh nghia hing s6 t6i vu A, > 0 dang

| u v, W

A, = inf

uA0,ueW=N/s(RN) |lu

| v @)’
v6i moi v € [%, +00). Hon nita, bat dang thiic sau diung
ull r@ry < A ullyw vl moi u e W. (1.1)

Dinh nghia 1.1.3. Cho u : RY — R, cac s6 thuc s € (0,1), p; > 1 véi
i =1,...,m, toan tit p;-Laplace phan tht duge dinh nghia (sai khac mot
hing s6 chuan héa) béi:

N [u(z) — u(y)["*(u(z) — u(y))
(ZA)pulz) =2 lim, RN\ B, (z) |z — y|Vrep W

trong d6 B.(z) 1a hinh cau ban kinh & tam tai z € RY.

Toén tit phan thit nhieu pha duge dinh nghia béi Y 77" (—A)s u(w).

Pinh nghia 1.1.4. Cho hai ham f,¢ : RN — R, tich chap cta f va g

dugce dinh nghia la:
(f * 9)( / flx—y)gly) dy

Trong bai toan Choquard
(Kx F)(z) = | K(x—y)F(y)dy,

néu dit K(z) = 5 thi

(K % F)(z) = /RN |xF_(y;‘u dy.
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Dinh nghia 1.1.5. Cho hai khong gian Banach X va Y va mot anh xa
F : X — Y. Tanéi rang F kha vi theo nghia Fréchet tai diém zy € X néu
ton tai mot anh xa tuyén tinh lien tuc A : X — Y sao cho:

|F'(zo + h) — F(zo) — Ay _

lim
1] x—=0 Al x

Khi d6, A dugc goi la dao ham Fréchet ctua F' tai xg, va ky hiéu la
F'(x¢) = A. Néu F kha vi tai moi x € X thi ta néi F' kha vi tréen X. Tap
tat cdc cic anh xa kha vi Fréchet tit X vao Y ky hieu la CH(X,Y).

Dinh nghia 1.1.6. Cho phiém ham J € C'(X,R) trén khong gian Banach
X. Da tap Nehari dugc dinh nghia béi
N={uweX\{0} : <J(u),u>=0}.
N6i cach khac, néu dat ¢, (t) = J(tu) thi u € N <= ¢/,(1) = 0.
Diéu kién Palais-Smale. Gia sit W la khong gian Banach va [ 13 ham

trong C1(W, R). Khi d6 I théa man diéu kién compact Palais-Smale tai miic
¢ € R néu v6i moi day {v;}jen trong W sao cho I(v;) — ¢ va

sup | < I'(vj),¢ >|—0,
6llw=1

khi d6 ton tai mot day con sao cho day con d6 hoi tu manh trong W.

Chu y rang day {v,}jen trong W théa man I(v;) — ¢ va

sup | < I'(vj),¢ >|—0,
[8llw=1

duge goi la day (PS) mic ¢ € R.

Dinh 1y 1.1.7 (Dinh ly Vugt nai). [22] Cho X la khong gian thuc Banach
va J € CHX,R). Khi dé gid si:

1. Diéu kién hinh hoc:

(a) Ton tai p > 0 va o > 0 sao cho néu ||u|| = p thi J(u) > a.
(b) Ton tai e € X vdi |le|| > p sao cho J(e) < 0.

2. Diéu kién Palais—Smale: Moi day (u,) C X vdi J(u,) — ¢ va
J' (u,) — 0, ton tai mot day con hoi tu trong X .
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Khi dé, ton tai u € X sao cho J'(u) =0 va

= c:= inf t
() = ¢:=inf max J(7(t)),

trong do I' = {v € C([0,1], X) : v(0) =0, (1) = e}. Gid tri ¢ dugc goi

la m&c vugt nui.

Dinh ly 1.1.8 (Bat dang thitc Trudinger-Moser phan thit). [70/ Cho s €
(0,1) va sp= N. Khi dd, vdi moi 0 < o < o y,

sup / Dy s (a |u|N]X> dx < o0,
ueWsP(RN) JRN
HUHW&P(RN)Sl

trong dé Oy 4(t) = e’ — ijiaz %;jp =min{j eN:j>p}

Hon nia, vdi o > o y,

sup / @N’S(a|u|NNs> dr = +oo.
ueWsP(RN) JRN

||uHWs,p(RN)§1

Bo dé 1.1.9 (Bét ding thitc Simon). [64/
& —nl?
¢ (([€P26 = InlP~2n) - (£ —m)) , khi p > 2,
<
_ _ 2 — .
C, [(lel7=2€ — nl=2n) - (€ — )] (el + n)E P2 khil <p <2,

vdi moi £,m € RN, trong do ¢, va C, la cdc hdang so duong chi phu thuoc

Vao p.

Cac bd dé sau day cung cap nhitng cong cu giai tich quan trong lien quan
dén tinh compact clia cac day ham, cac bat dang thic nhing Sobolev va
cac ude lugng tich phan khong dia phuong, déng vai tro thiét yéu trong céc
chitng minh & cac phan tiép theo.

B6 dé 1.1.10. [6] Gid sit N > ps. Néu {v,} la day bj chan trong W*P(RY)

va limy, o0 supyepy [ |vpPdz = 0, trong d6 R > 0, thi v, — 0 trong
Br(y)

LY(RN) vdi moi t € (p,p}), pl = 2

N—ps*
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B6 dé 1.1.11. [6] Cho v € W*P(RY) va ¢ € CF(RY) sao cho 0 < ¢ <
1,¢ =1 trong B1(0) va ¢ = 0 trong RN \ By(0). Dt ¢.(x) = gb({) Khi do
r

lim [vg, — v]sp = 0 va lim [vo, — v|@y) = 0.
7—00 r—00

Bo6 dé 1.1.12. [6] Cho w € D*P(RY) va {w,} C D¥*(RY) la mot day bi
chin sao cho wy, — 0 trong RY va [wy]sp < C vdi moi n, trong dé C' hang
so duong. Khi dé ta co

n—oo

lim / |Ay(wy, + w) — Ay(wy) — Ay(w)|P'dz =0,

trong do A,(v) = v(z) = vly )’p_Q(MEf) — () vdi méi v € D¥P(RY) wa

[z —y[ 7
la s6 ma lien hop cia p.

/

p:

p—1
B6 dé 1.1.13. [57] Cho s € (0,1) va p € [1,00) sao cho N > ps. Khi do

ton tai mot hang so toi vu S p: > 0 sao cho

([

vdi moi u € D¥P(RY).

— p
psdl’ ps <S |U(SC) U(y)| dl’dy

|z —y|VHPe

R2N

1
fe L"(RY) va b € L'(RN). Khi do ton tai hiang 6 toi wu C(r, N, ju,t) >0

khong phu thuoc vao § va b sao cho

//f(xx)_h;gﬂd:vdy < C(r,N,u,t)|f

RN RN

2 ~ s 1
Bo de 1.1.14. [/5] Chor,t > 1 va0 < u < N sao cho —+—
T

@0l ey

2 W 2N
Thong thuong, ta cho r = ¢, khi d6 ta ¢6 — + — =2, hay t = .
ong ng, ta cho r , khi do aCOt+N , hay IN — 11

1
V6i u € We, dat h(u) = |ull, ta thiy ring f T * h(u)]h(u)dz hoan toan

2N
2N — u

xac dinh trong khong gian L{(RY) véi t = néu g < It < ¢*. Do do,

ta can o N N i
( —M)QSZS( — )4

2N 2N
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v e s 1
Trong bo dé tiép theo, ta ky hieu K(v) = [ —— *F(v)dx v6i moi v € W.

By |z
N ) : t \
Bo6 de 1.1.15. Gia st ham phi tuyén f théa man lim;_ tf‘f_)l = 0 wva ton

tai ag > 0 sao cho vdi moit > 0 ta co

F(O)] < all+ ™),

N —s) g(N — /
qj(v — qj)a qg\] — q';b)} Khi do, néeu {v,} la day bi

chan trong W tha ton tai Cy > 0 sao cho |K(v,)| < Cy.

trong dé ¢ < T < min{

Chiing minh. Theo giad thiét, ton tai a > 0 sao cho

[§(6)] < a(t]"" + ¢ (1.2)
v6i moi t € R. Suy ra
[E@)] < al[t]? +[t]7). (1.3)
Khi dé6 ton tai C' > 0 sao cho

K@) =| [ s

<| / \ff”’;)\ud%\ / |5(—UZ)|udZ

lz—z|<1 |x—z|>1
q T
<a Poal" + Joul” ) 4 (1.4)
o 2]
lz—z]<1

trong dé {v,} 1a day bi chin trong khong gian LI(RY) va L™(RY). Chon ¢

sao cho 1 < <t < va 0 < 1 < gs. Do dé ta c6 thé chon ¢
— I N —qs
ut . % Yra
sao cho N > o] (t > N—,u) va gt < ¢%. Vay
U] R 1 =
< q
/ P Z‘Mdz < { U | dz} [ P dz} < +00.
|lz—z]<1 |lz—z]<1 |x—z|<1
(1.5)
/ *
Tuong tu, ta chon s' > (khido N >+ yva s <L Chay
— U s'—1 T

q(N — p)
N —qgs

rang néu 7 < . thi ta c6 thé chon s’ théa méan dicu kien dé do
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*

s

- > . Nhu va
T N-—pu vy
|vn|”
d 1.6
[ (1.6
|x—z|<1
- . 1 . <
< [ U] x] [ &= 2D z} < +00.
lz—z|<1 lz—z|<1
Tir (1.4)-(1.6)), ton tai Cy > 0 sao cho |K(v,)| < Cp. O
R i ) ¢
Bo de 1.1.16. [5)] Gid st ham phi tuyén § théa man lim;_g tfcf——)l =0 va

ton tai ag > 0 sao cho vdi moit >0 ta cé

F()] < a(l+ ™),

N — N —
q](\/' _ qz)’ qg\[ — qg)} Q la ham bi chan trong RY .

Khi dé, néu {v,} la day bi chan trong W thi ton tai Cy > 0 sao cho

trong dé ¢ < 7 < min{

Kelun)| < o trong 06 Ke(o) = [ = Q)F (o)
RN
(Xem lap luan tu’dng tu trong [[ ] Chuong 2|)
Ta ky hiéu K(v) = f (v(x))dz. Khi d6 ta c6 két qua sau:

B6 dé 1.1.17. Cho {vn} la day trong W sao cho v, hoi tu yéu dén v. Dat
u, = v, —v, khi doé

(7). K(v,) — K(u,) — K(v) = 0,(1) khi n — oo.

(7). limy, oo < K'(vy,) — K'(u,) — K'(v), ¢ >= 0 vdi moi ¢ € W.

Chitng minh. Trudc tién ta chiing minh khang dinh (i¢) bang cach st dung
Dinh Iy hoi tu Vitali. Luu § rang

<K/(w). 6> = / 7 *F(un>] ()

||
/ [
s \x—yl“
Do d6, ta can chitng minh
1
[ [ # Pan)lito @)t - / o POle@)ela)ds (1

RN
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va

/ [ﬁ * F(uy)]f(un(2))p(x)dz — 0 (1.8)
khi n — oo. Tir B6 dé[1.1.16| ta c6
| / [L « F(v,)| (o) = f(0)o(@)da| < Co / (f(va) — F(0)) ()| dz

||
=G [ 16w~ feDe@ldz+ [ 1) - i)l de).
RN\ Bg(0)
(1.9)
Theo He qua 7.2 [57], phép nhing W < L(Bgr(0)),t € [1,¢}) 1a com-
pact. Do d6, sau khi chon mot diy con néu can thiét ta c6 v, — v trong

LY(Bg(0)) véi moi t € [1,¢"). Ap dung bat dang thic Holder, ta suy ra

/\f )bl < /|f qlda: B ( / yqs\qcza:) " (110
Bi(0)

Theo gia thiét, ton tai mot héng s6 C, > 0 sao cho
_q_ q(r—1)
H(0n)| 7 < G ([l + o] ). (1.11)

AN =5) aN=p), alN=s)
N—-qgs N-—-qgs = N-—gs
—1

g< 2=l Gs-
q—1
Vi phép nhing tit W vao LY(Bg(0)) 1a compact véi moi 1 < ¢ < ¢, nén
§(vn)|71 € LY(Bg(0)). Do d6 ton tai C* > 0 sao cho [ |f(v,)¢|dz <
Br(0)
C* < +o0. Tuong tu, ta c6 [ [f(v)p|de < C* < +00. Ta c6 thé chon
Br(0)
C* > (0 du l6n dé ca hai bat dang thiic déu ding. T d6 v6i moi 2 € Br(0)

Luu § rdng 7 < min{ , suy ra

ngoai mot tap ¢6 do do bang 0, |(f(v,) — f(v))od(x)| < Ky V6i Ky > 0. V6i
mdi €, > 0, ton tai 0 = &,/kK, sao cho v6i moi tap F, C Bg(0) théa man
|E.| <6, ta co

[ 16 = i0)é(a) ds < |Bulr. =<
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Khi d6 {(f(v,)—f(v))é(x) }, 1a dong kha tich tren Bg(0). Dong thoi, (§(v,,)—
f(v))o(x) = 0 trong Br(0). Ap dung Dinh 1y hoi tu Vitali, ta thu dugc

lim / |(f(vn) — f(v))p(z)|dx — 0. (1.12)

St dung bat dang thiic Holder, ta c

[ 1) = ieielar < [ (ol + FwDlow]ds

RN\ Bz (0) RN\Br(0)
Lo Vo
<( [ wtds) ([ jela)
RN\ B(0) RN\Br(0)
q % 1/(]
([ liwra) ([ jepds) "
RN\ Br(0) RN\ Br(0)

Tir (1.11)) va {v, } 1a day bi chiin trong L' (RY) (do phép nhiing lién tuc tit W
vio L'(RY) véimoit € [q,q}]), tachon R >> 0saocho [ |¢|%dz <&l

RN\ Br(0)
ta co
[ 16t = je)ét)idz o (1.13)
RN\ Br(0)
khi n — oo. Két hop ([1.9), va ([1.13), ta thu dugc
1
[ [ = e i) = ie)oteyts o (119
RN
khi n — oo. Theo lap luan nhu trén, ta cting c6
1
/ [ * (F) = Fo)|ituo(e)dz = 0 (1.15)

khi n — oco. Tuong tu, ta chitng minh duge rang (1.10)) 1a ding véi w,. Tit
do

tim [ [ Pl () d(a)de — 0 (1.16)

|
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véi moi ¢ € W. Luu y rang

| / e * Pl e@ = [ [ POl o)ds
<| / WF f(00) = () ()

+‘/ B — F(0))]i(v(x))é(x)dz| — 0 (1.17)

khi n — oo. Két hop (1.16) va (1.17), ta thu duge khéng dinh (41). Khing
dinh (7) duge chu?ng minh tuong ty nhu B dé 2.5 trong [6]. O

Ky hieu Ke(v) = = f K (v)(2)Q(Cz) F(v(x))dz. Ta thay ring
| / ()] QUG (2)) )
- / [ﬁ QPR @)oL)ds]
<| / e * QP Q(CE) ) ~ (w)o(x)da]

JR[ o * QUE(F() = F@)]QC)(w(a)o(w)de] = 0

khi n — oo, tit d6 ta thu dudc két qua sau:
Bo6 dé 1.1.18. Gid st {v,} la mot day trong W sao cho v, — v yéu Dt
U, = v, —v, ta coé
(7). Ke(vn) — Ke(uy) — Ke(v) = 0,(1) khin — oo.
(7). limy, o0 < K (v) — K (1) — K (v), ¢ >= 0 vdi moi ¢ € W.
Theo B6 dé 2.1 [6], ta thu dugc két qua nhu sau:
B6 dé 1.1.19. Néu {v,} la day bi chan trong W va

lim sup / v, (2)|'dz = 0
n—oo yGRN
Br(y)
vdi R > 0,t € [q,q}), khi d6 ddy v, hoi tu manh tdi 0 trong L'(RY) vdi

e (t,q).
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1.2 Sy ton tai nghiém yéu ctia phuong trinh phan thd nhiéu

pha trong RY véi do tang mii

Trong phan nay, chung t6i nghién cttu sy ton tai nghiém ctia phuong trinh

= | 1
D (=AY u+mlufu) = 772[| T Hy(u)]hi(u) + n3ho(u),  (1.18)
i=1

Trong phuong trinh ((1.18)), fh =1,22<pi=p<---<

pm<+oo,0<s<1,N—ps,O<u<N, 771,772>0va773>0151h§ng86.

Ta ky hieu O := {h : R — R la ham s6 lien tuc} va théa man cac diéu kien

sau:

(h1) Ham phi tuyén tinh b 1a lien tuc va h(t) = 0 trén (—oo,0]. V6i moi
q1 > Pm, G2 > 1, va cac s6 thuc duong a; > 0,as > 0 sao cho

h(t) < arft] !+ as®ys(alt ) e

j
trong d6 Py, (y) = €¥ — jp702 ?',jp = min{j € N: j > p} va

. L N 2r 1) (N+k—1)! N=s
ax < ag y, trong d6 ag y = N( ( wN — 2 k=0 +k:! : (N+12k)17)
(xem [83]).

(b2) limy o+ —tf,,(f_)l = 0.

(h3) Ton tai 6 > pm sao cho 2f)(t)t > b(t)t > 0H(t) > 0 v6i moi t > 0,
trong do H(t fo

(h4) Ton tai 4, > 0 di 16n sao cho H(t) > v|t|? tren [0, 00), trong d6
0 > p,, 1a mot hang s6 duge nhic dén trong dieu kién (bhs).

Sau day 14 mot vi du cho ham h. Ta kiém tra ham
h(t) = C(t)! + ()2 By s (an(t7) V),

tt =max{t,0},t €R, ¢ =0 > py, 2 > 0, C >0y dulén va ap < af y,
théa man cac dicu kien (1) — (hy). V6i t < 0, h(¢) = 0, diéu nay hién
nhién théa man phan dau ctia (). Ta xét v6i ¢ > 0. Hién nhién b lien tuc

va b thoa man dieu kien (h1) véi ¢1 = ¢, ay = C, va ag = 1. Diéu kién
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ap < oy da duge gia thiét. Tiép theo ta kiem tra dieu kien (hy). RO rang
b thoa man dieu kien (hs). Trude hét ta tinh H(t) va h(¢)t. Stt dung khai

trien chudi ciia ham @y (y) = >t ‘?—j,, ta viét lai h(t) v6i t > 0 nhu

sau: - .
i
h(t) = Ctet 4+ Y Shprret,
j:jpfl j
Do doé
t > Oéj J
H(t) :/ Cril 4 Z _—?TN st gy
0 j:jp_l ]
va
SR BPELLE RS
) =S Y BT
L R A e
Ta co .
> ij Nj
h(t)t = Ct? + e,
J=Jp—1 J:

Dé kiém tra diéu kien (h3), ta can chimg minh G(t) = h(¢t)t — 0H(t) >
0,t € R. Dé thay, bat ding thic ding khi ¢t < 0. Trong trusng hop t > 0,
ta co

> J Nj Nj
G(t) = <th — eth) + Y %o (th+‘I2 - stm)

N
a i 7! N T @

Vi g = 6 nén

Lai c6 g > 6 nén 1 — Nj9+ > 0. Do d6 G(t) > 0 v6i moi t > 0, hay diéu

N_os 142 o

kien (h3) duge théa man. Hién nhien diéu kien (hy) théa man vi C' > 6.

Nghiém yéu ctia phuong trinh (1.18)) duge dinh nghia nhu sau

Dinh nghia 1.2.1. Mot ham s6 v € W duge goi 1a nghiem yéu ctia phuong
trinh (1.18) néu v6i moi ham thit o € W, ta c6
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5 () — u(y) P2 (u(z) — u(y)) (p(z) — o(y))
; /RN /RN |$ _ y‘N+spi dxdy
+ Z m /

=1 / L b o) p(odody o [ hafuli)) (ol

R

Pim2ypda

Ta gid st hai ham phi tuyén tinh h; va he thuoc O.

Ham nang lugng Jy, 1y, : W — R ctia phuong trinh (1.18) c6 dang

*7771 12,73 (u)
3 Hi(u (u()) /
- s,p - d d - H d
Z W i (RY) // |$—y|“ ray 13 Z(U) X
RN RN RN
— 1 i 772
=3 Nl ey — 2 [ G @) Hi(u(w))dz] =y | Ha(w)dz,
i—1 Pi A
(1.19)
voi G(u = f dy Khi d6, theo Dinh nghia [1.2.1, ta thay ring

nghiém yéu cla phu’dng trinh 1' 1a mot diém t6i han ciia ham ning
lu’(jng ‘-777177727773 tI‘OIlg w.

Ap dung B6 dé|1.1.14] néu ta chon H (u) = |ul?, thi [ [
RN

||

hoan toan dugde xdc dinh tren L'(RY) véi t = ;2

lien tuc W*V/$(RY) — L7(RY), véi moi r € [&, +00), va gt > &, khi d6 ta
c6q > % = 2N =52 Sit dung bat déng thic Trudinger-Moser phan thi [83]
va C3°(RY) 1a mot tap con trit mat trong W*P(RY), ta thay ring Jp, m,.n,
hoan toan duge xac dinh tréen W C WS’N/S(]RN).

Trong bo dé sau, ta ching minh rang phiém ham J,, ., », thoéa méan céc

diéu kien hinh hoc can thiét dé ap dung dinh Iy Mountain Pass.

Bo dé 1.2.2. Ham 36 Jy, ., théa man cdc diéu kien hinh hoc sau:
(a) Ton tai G, po > 0 théa man Ty, p,ns(w) > po vdi ||ully, w = C..
(b) Ton tai mot ham v € C(RY) vdi ||v||y,.w > Cx, sao cho

*777177727773 (U) < 0.
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Chiing minh. (a) Tt (h1), ton tai by > 0,by > 0 sao cho
B (t) < Duft| ™+ ba®uy (ot ),
2]\27;“, go > pm. T d6, ta thu ducc
[H(8)] < buft|™ + bot| =P (ot )

v6i moi q; > pp,

v6i moi t € R,j = 1,2. Ap dung B6 dé|1.1.14] va lap luan tuong ty [44, B

dé 3], v6i t > 1, ton tai hai hang s6 duong D va D; sao cho

[ Gt < Dl Dl

vl ||ul|p, w di nhoé. Tuong tu, véi moi ¢ > 0, ton tai C'(¢) > 0 sao cho
o(t) < CleP + CO@x (ool VOt (120)

V6l g2 > pm. T d6, st dung bat dang thic Trudinger-Moser cho ||ul,, w
di nho, ton tai D(¢) > 0 sao cho

/ Ha(u) < Cllullf oy + DOl (121

Két hgp (1.20) va (1.21)), khi |Ju||,, w dG nho, ta c6

- 1 —DPm 772 D —2q 2q1 ,DA—2q2 26]2
T s (W) 2 Ju ’mW 1A ang) HUH w T 2Ny [l

aN—u" SN—pu’ W

L=pm

Khi d6 néu ta chon ¢ > 0 du nhé sao cho —n3CA,Pm > 0, x6t ham
Pm

S0

H(t) _ (ml—pm B C )tpm _ T}_% D —2q1 t2Q1 + DA_2q2 t2q2
D "3 pmﬂh 2 1 22]1\\;‘11“ M ;]Jthl%? L
—3D(Q) AL, >0,

va bang cach tinh toan tuong tu nhu trong [44, Bo dé 3], ton tai (., pg > 0

sao cho j77177727723(u) > Po voi HanlaW = C*
(b) Chon ug € W \ {0} sao cho ug > 0 trong RY. T didu kien (by), ta

P

CcO

0 0
m e ry) — N3t /\Uo\ dr — —o0
RN

j77177727773 tuo < Z
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khi ¢t — oco. Dét e = tug véi ¢t du 16n, ta c6 J;y, n,m,(€) < O. O
V6i ham ¢ € W tuy §, ta co
!/
<‘7771,7]2,773 (U), ¢>

(n Lo

lu(x) — u(y) | (u(z) — u(y))(d(x) — ¢(y))
L (ol o

it [ (s @) Hwo ) de = [ Hywods

Tt BS dé va Dinh 1y Vuot nai khong c6 diéu kien Palais-Smale, ta
thu duge mot day {u,} C W sao cho Fy, s (Un) = €y oins V& Ty, s (Un) —

Pi=2ypdx

0 as n — oo, trong do ¢, y,,, dudc cho bdi

C7717772>773 Hellﬁ trél[oai(] ‘7771 12,73 (V(t))

W T = {5 € C(0, 1, W 4(0) = 0, Ty (1(1)) < 0.

Két qua tiép theo cho phép kiém soat mitic nang luong ctia phiém ham
nang lugng theo cac day Palai-Smale.
Bo dé 1.2.3. Gid s {u,} la mot day (PS) cho Ty mams- Khi do ton

tai mot hang s6 C,, théa man C, < ¢y nyus < Cyy, trong dé

Zm;a] (1——) (N%;bl j)N/wSN) (1.23)

vdi p € C(RY) wa a,b > 0.

Cny1.m2.m3

Ching minh. Chon ¢ € W \ {0} sao cho ¢ > 0 trong RY. Khi d6 ta c6

0 0
Tnsnans (T0) < Z m WSPZ(RN) — st HSOHLe(RN) (1.24)
ol o @y
Ki hieu a; = —— > G =1 b= sl gy A g(t) =
J
>ty agti — bt? tren [0, 4+-00). Khi d6
Coumas < J0AX g(t) + maxg(t). (1.25)
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Néu t € [0,1], ta nhan dugc g(t) < h(t) = > 7L L aitN* — bt?. Ta chon
NZJ 14

M=
93773H90HL0 RN)

= 74, khi d6 ta co

max g(1) < h(em) = Cly,, (1.26)
t€[0,1]
NS\ )
trong d6 0., = <#1‘7> < 1. Tinh toan don gian ta thu dugc
s
m N\ N/(0s—N)
- N N i a;
071 — h(e'}/l) = (Z aj) <1 - %) <#j> : (1'27)
j=1

Tt limy, 0005, = 0, ta ¢6 limy, 4o h(6,,) = 0. D& thay v6i moi t > 1,
g(t) < h.(t) =277, ajttm —bt? va h, dat diém cyc dai dia phuong duy nhét

P S\ MO
tai 8, = (m—jlj) tren (0, +00). Néu chon 1 > 7., trong do

6b
m
Ny = L 239—1 — khid6 8, < 1. Vay max;>1 g(t) < ho(1) = 37 a;—b.
‘9773H90HL0(RN)
m
Dat v = Ej 14 > Vs > Vi. Ta thu dugc
773H90HL0 RN)
Igl>ang( ) < 0 vl MOL Yy > Vi (1.28)

Két hop cac B6 dé[1.2.2] (1.23)), (1.26), (1.27) va (1.28), ta co

N/(6s—N)
N
C* < Cn1mas S ZCL] (1 — —) ( Q;bl j) (1.29)

VOl MOL Y1 > Yaus. DE thay, ¢y, ., 18 d nho khi v di 16n. O

Bo6 dé sau day dudc suy ra tit két qua ctia Lion:

Bo dé 1.2.4. [54] Néu {u,} la mot day bi chan trong WN/5(RN) va

lim sup / |t () [N dx = 0

vdi R > 0, khi d6 u, — 0 trong LY(RY) vdi moi g € (£, +00).
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Két qua dau tién ciia ching t6i duge phét biéu nhu sau:

Dinh ly 1.2.5. Gia st (h1) — (hy) duoc théa man, khi dé phuong trinh
(1.18) c6 nghiem yéu khong tam thuong, khong am trong W.

Chitng minh. Tit Bo dé [1.2.2, ton tai mot day (PS) cho ham {u,}

P ~ N !/
j771ﬂ?27773 tI‘OIlg VV? co nghla 1& ‘7771,772,773 (uﬂ) - 6771’7727773 va \777177)2,773 (un) —

Cn1.m2.m3

I'= {7 S C([[)? 1]7 W) : 7(0) - 07 j771,7}2»773(7(1)) < 0}

Ta co

/

1
Cpvaats T 0n(1) = Ty mpns (Un) = Ty pogs (Un) — 9 < jm,n2,n3(un)7 Up >

11 »; 3 1

—Z<p—— gl ey = 5 [ Lo * )0 () — 20 (pu)d
Jj=1 RN
3 1 1 P1
- I / (6Ha(u) ~ o)) > (- = Dl ey (1.30)

Tt d6 suy ra ton tai ng sao cho v6i moi n > ny,

1 1
<p_1 - é)Huanh’Ws,p(RN) S Cnl,nz,n3 + g,pl = p,f > O, (131)
N/(N-s) N/(N-s)
N/ (N=s) Covmms T & Cy +§ Qs /(N—s)
p 0 pm 0
(1.32)

v6i [ > 1, va gan 1, v di 16n. St dung bat déang thiic Trudinger-Moser phan
thi [83] va

(max{1, m}) P lully, wer@yy < llullwer@y) < (min{1, )~ [ Jully, wer@y),
ta suy ra

sup /<I>N7S(&[\U\N/(NS))da: < +oo (1.33)

ueWs,p(RN),||anlyWs,p(RN)S(min{lynl})S/NRN
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v6i moi 0 < o < i < o - Bing cach lap luan nhu Bo dé 3.3 [72], ta c6
Tormos (W) = 0. Truong hop u # 0, u 1a mot nghiém yéu ctia phuong trinh
(1.18)). Truong hop u = 0, ta sé di tim mot nghiem khong tam thuong. Gia
st

lim sup / \up () Pde =0, (1.34)

Br(y)

khi d6 theo B6 dé [1.2.4] ta thu duge u, — 0 trong LY(RY) véi moi ¢ > p =
%. Tit (1.34), (1.32) va cac lap luan tuong tit trong [54], cling véi bat dang
thic Trudinger-Moser, ta thu dugce

1
/ [W * H1(un)} hy(up)updz — 0 va /hg(un)undm — 0 khin — oo.
RN o

Vay
0(1) - <‘77;1,7727773(u“)’un>
= Z lanl® sy = 1 [ |+ Hi () | i (s

|
RN

— 1 / ho(uy)updx + o, (1 Z || n||77 wers @) T on(1)  khin — oo
RN

Do do6 u,, — 0 trong W. Khi dé ta c6

jﬁl »1125713 (un)
~ 1, 77%/ 1

= — Ny, “p; — = — x H(uy,) | H(u,)dx
> el =5 | [ » H 0 )

RN

— ﬁg/HQ(Un)dI‘ — 0

khi n — oo. Dieu nay mau thudn véi lim,— oo Ty moms (Un) = Cipymps > 0.

Do dé (1.34) ding. Ta ky hieu v, () := u,(x + y,), tit (1.34) suy ra
/ foalPda > 6/2 > 0, (1.35)

Br(0)
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trong d6 ¢ > 0. Do ham nang lugng bat bién véi phép tinh tién J,, .0, VA

s b2 €O
Tnvmams(Un) = Cplyoms VA \77;17,72’773(1}”) — 0 trong W*.
Luu § rang [[vp ||, weri@y) = |[tnlly, weri@yy, v6i moi j = 1,...,m, khi do

day {v,} bi chan trong W, va ton tai v € W sao cho v, — v trong W,

N .
v, — v trong LI (RY) véimoi ¢ € [—,+00), v,(z) — v(x) hau
S

loc
khap noi trong RY. Tir (1.35)), ta thay rang [ |v|Pdz > §/2 > 0. Vi
Br(0)
vay v # 0. Bing cac 1ap luan tuong tu nhu trong Bo dé 3.3 [72], ta c6

Ty mpms (V) = 0,0 # 0 trong W. []

1.3 Sy ton tai nghiém yéu cho phuong trinh Choquard nhiéu
pha véi sé6 mii téi han

Trong phan nay, chung toi nghién citu sy ton tai nghiém ctia phuong trinh

m

DTN Sy
=1

=1

Pi=Zy (1.36)

= [+ F@] i) + (07572,

trong d6 7, > 0,792 > 0 14 hing s6. Ta gia stt f 14 ham phi tuyén tinh thoa
méan cac dieu kién sau:

(f1) € C(R,R) va f(t) = 0 v6i moi t < 0;

t N

(f2) limy_g :q—_l = 0 v& ton tai ag > 0 sao cho [f(t)] < a(1l+ [¢t[71) v6i moi
ﬂN—S)wN—MH.

N—-qgs N-—gs '
(f3) ton tai ¢ > 6 > ¢ sao cho 2f(t)t > OF (t) v6i moi t > 0;

t
(f1) ham tfq()l 1a tang khi t > 0.

t >0, trong d6 ¢ < 7 < min{

Sau day 1a mot vi du cho ham f(¢):
Gia slt cdc tham s6 clia bai toan théa man g < 0 < ¢,
0, néu t < 0,

f(t) =
7L+ ¢971 néut > 0.
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Trong do, ta chon 7 sao cho ¢ < 0 < 7 < min{ Z(VN q?, q%\f qs)} Khi do

1 1
F(t) = =7 + =7,
() T +9

Ta kiém tra cac diéu kien ctia f(t) :
o Vi limy o+ f(¢) = limyo- §(¢) = §(0) = 0 nén f(¢) 1a ham lién tuc.
f@)

: e A T - 0—q\ _
j—1 — hmt_>0 —g—1  — hmt_>0 (tT T+ 1 q) = 0.

e Ta c6 lim;_y Tt

e Kiém tra biéu thic: 2f(£)t —0F (t) =2 (7 '+ ")t — 0 (27 + 5t%) =
2t7—|—2t0—§t7—t9 = (2 — g) t"+1t%. Vita chon 7 > 6 nén g < 1, suy ra
2—2>1>0.Dods (2—4)¢"+t" >0, Vt > 0. Vay 2f(t)t > OF(t).

e Xét ham
(t) tT_l + t9—1
- =

e AN L 3
2

t
g(t) =~
Dé ching minh ham nay tang, ta xét dao ham ctia né:
()= (r-2)r it (o 2)e
gt)=(r-5 5
q

ViT > ¢gvaf > gnenhiennhien7 > £vad >4 Tudosuyrat—% >0

va 0 —2 > 0. Vay ¢'(t) > 0 v6i moi t > 0, do d6 ham g(t) = tgf) 1a

M\»Q

1

tang tren (0, +00).

Dé nghién ctiu sit ton tai nghiém yéu ctia phuong trinh (1.36]), ta xét phiém
ham nang lugng

m

Ly, (0) :Zl(/ |U‘§j)_ |§)V(+yp)l dx dy‘l‘/%h}(x)

i-1 i

pi dx)

R2N RN

_ 2R % F()\F il % do. 1.
5 <|3;|u * (U)) (v)dz + - (v")%dx (1.37)
RN RN

Véi ham ¢ € W ttly ¥, ta co
(T 20 (0); /Lmh) ) = v(y)P~ éii&ig»w@y—awym@

+w/1me%wwum@
— M3 / /R N ‘x — y(ﬁ))gb(“T) dady + /R N(U+)qz—2v+¢(x) dx
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Khi d6 nghiem yéu ctia (1.36) duge dinh nghia nhw sau:

Dinh nghia 1.3.1. Ham v € W dudc goi 1a nghiém yéu ctia phuong trinh
(1.36) néu v6i moi ham thit ¢ € W, ta co

lv(z) — v(y) P2 (v(x) —v(y))(d(z) — o(y))
Z (//RQN |z — y| Nt dxdy

[ lota) pf—%(a:)as(x) dr)

— Ay //Rw \x - y(ﬁ))(b(x) dxdy + /RN(U+)q:2U+¢(JJ) dx =

Tit Dinh nghia [1.3.1] ta thiy ring ham v € W la nghiém yéu ciia (1.36)
néu (7, . (v),¢) =0 v6imoi ¢ € W. Tic laZ! _ (v) =0 trong W*. Ta ky

V1572 Y1572

hieu M., -, 1a da tap Nehari lien két v6i phiém ham nang luong Z,, -,

Moy = {v € WA{0} < T, (v),v >= 0}

Dinh nghia 1.3.2. Ham u dudc goi la nghiém vé6i nang luogng cyc ticu cia
(1.36) néu

1717’72( Hlf{ 15 ’Y2 ‘U € W \ {0}7 Y1, 72 ) - O} :

Dinh ly 1.3.3. Gid si cic diéu kién (f1) — (f3) dugc théa man. Khi dé ton
tat Ay > 0 du lon sao cho phuong trinh c6 mot nghiem yéu khong
am, khong tam thuong vdi X > \,.

Chimg minh. Dé thay Z,, -, théa méan diéu kién hinh hoc ctia Dinh 1y Vuot
nti. Khi d6 ton tai mot day {w,} C W sao cho

I’VlfYQ (wn) — Cyy v, va I’/h 72( n) — 0 khin — oo.

Theo [58, Ménh dé 3], mitc vugt nii ¢, , duge xac dinh nhu sau

Cyiye = ,ynéfr tern[(é)l}li] 1-71772 (’Y* (t)) - ve}é}i . I’Yl 72( ) - ve%{{O} I?fbx I’Yla’)’z (tv)7

trong d6 I' = {v. € C([0,1],W) : 7.(0) = 0,Z,, 1,(7«(1)) < 0}. Dau tien,

ta chi ra rang ton tai A, > 0 dua 16n sao cho

N
Cyiye € (07 qu; qs), (138)
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voi moi A > A.. Dat w € W\ {0} v6i |supp(u®)| > 0, khi d6 ton tai
tx € (0,00) sao cho Z,, -, (tau) = max;>o Ly, -, (tu). Tt d6 ta co

< I% ,Yz(t,\u), thu>=0

va

5l
1=1
Vi f(t) > 0 v6i moi t € R, nén

Z tpl

b 1 WS (RN) = = \75 /K tu)f(tu)tyude + tq9 /(u+)q:dx.
RN BN

b 1, WSPi (RN) > tg\& /(U+)qsd$.

RN
Vay {t\} phai bi chin khi A — oo va chon mot day con can thiét, ta gia
st ring limy oty = to > 0. Néu tg > 0, thi >0 &V {|ul|” 1o RN) Ae

Y1, WePi(
(0,00) va

Ay%/K(tAu)f(tAu)tAudx + t?\; /(uJ“)qzdx — +00.
RN

Diéu nay 14 mau thuan, vay to = 0. Do d6

1

Pi
0< Cyi72 S maXI’h,’Yz tu < Zt

Y1, WP (RN)*
Ton tai A, > 0 du 16n sao cho
m s N
Di Di s
D AN, gy vy < 3pSas
i=1

v6i moi A > A,. Hon nta, ta c6
1

Cyryp T on(1)[|wy||w = I%,’m(wn) Ty < I’yl 72< n), Wy >
& )\72 0
; (pZ ) 71 WsPi (RN) /K wp) (f(wy)w §F(wn))d:v
1 1 &
- qs > -

4G o) [ wh)ide > > (o= )l

qs
RN

Di
Y1, Wi (RN)*
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D& thay day {w,} bi chin trong W. Chon mot diy con can thiét, ta c6 thé
gid sit ring w,, hoi tu yéu dén w trong L'(RN), t € [q, ¢}) va w,(x) — w(x)
hau khap noi trong RY. Ap dung Dinh 1y hoi tu Vitali, ta thu dugc

[ b)) ) @) ple) = 60 1,

|z — [Vt
w(y)(w(z) —w(y))(e(z) — ¢(y))
N //RQN o gV drdy  (1.39)

/RN wn()| P un(@)p(@) de | Jw)|Pw@)o(@)de,  (140)

/ (w:)qz_wa{(b(a:) dr — / (w+)q:_2w+gb(x) dx (1.41)
RN RN
khin — oo vat € {p1,...,pm}. Theo B6 dé|1.1.17]ta co

/ (L * 1 (wn)> () - flwn(x))p(x) do

||
1
— [ (55 F) @) )t ds
tuc 1a
(wn(y))f (wn(z))e( (w(z))p(x)
[l e [ SRR
(1.42)
khi n — oo. Tir (1.39), (1.40), (1.41)), (1.42) ta c6
T, ., (w,) = T (w) khi n — oc. (1.43)

Theo gié thiét Z.  (w,) — 0 khi n — oo nén Z, _ (w) = 0. Néu w # 0
thi w 14 mot nghiem yéu khong tam thuong cta (1.36). Néu w = 0, ta sé
chitng minh syt ton tai nghiém nhu sau. Gia st

lim sup / \wy, (z)|%dz = 0. (1.44)

Br(y)

Theo B6 dé[1.2.4) ta c6 w, — 0 trong L{(RY) v6i moi t € (¢, ¢*). Ap dung
B& dé|1.1.16, ta thu dugc

/ {ﬁ * F(wn)} f(wy)wydxr — 0 khi n — oo.
RN
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p
. 1 .
=D lwallh ey — 12 / [| 0 F(wn)]f(wn)wnda:— / (w)% dx
=1 RN RN
p
- Z ”wn ?;,il’Ws,pi(RN) - /(w:)qsdl' + On(1>
=1

khi n — oo. Vay day {w,} bi chan trong W va
v wenseyy — B = 0va /(w;{)q:dx — B. (1.45)

ZII

Tit B6 dé[1.1.16/ va diéu kien (fs), v6i moi § > 0, ton tai C'(6) > 0 sao cho
|F(t)] < 0|t|?+ C(9)|t]” v6i moi t € R. Vay

‘/ T x F(wy, } (wn)dac‘ < 005/ |wy,|1dx + CoC(6) / |wy,|"dx — 0

RN

khi n — oo. Dé thay

Cyp s = Iy, vz(wn) + 0, (1)

s:Pi (RN )\ 2 1

— pi 2 ||~
1
- —*/|w:{
ds
RN

RN
khi n — oo. Hon nita,

[l
N

Khi d6 B+ < S;;'B, kéo theo B > S;.#. Vay ta thu dugc

* S
“dy > —B
TEN

q
a3

m
“dr | <80 lwy
1=1

Di
et 7W8’pi (RN) )

S N
Cyie 2 NSQ§ °-

N ~ S N
bieu nay mau thuan véi c,, ,, € (0, NSq; év‘?) Do d6 (1.44) khong thoa mén.
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Khi d6 ton tai § > 0, R > 0 va day {y,} € RY sao cho

lim sup / |wy, (z)|%dz > 6 > 0. (1.46)
n—oo
Br(yn)
Ky hieu Un(x) = wn(aj + yn)7 tu " ta suy ra
/ o, |dz > 5/2 > 0 (1.47)
Br(0)

vol n dna 16n. Khi doé ta ¢o

Ly o (00) = Cypmy VAT (0,,) — O trong W™,

Vi [|o,]lw = ||w,|lw, nén {v,} 1a bi chan trong W, vay ton tai v € W sao
cho v, hoi tu yéu dén v trong W, v, — v trong LI (RY) (¢t € [q,¢})) va

v, () — v(x) hau khip noi trong RY. T (1.47), ta suy ra [ |o|9dz >
Br(0)

0/2 > 0, khi d6 v # 0. Ap dung cac lap luan tuong tu (1.43), ta thu duge
7!, .,(0) = 0. Khi d6 v la mot nghiem yéu khong tam thudng ctia phuong
trinh (1.36)). Do f(#) = 0 v6i moi ¢t < 0, nén v > 0 trong RY, Ap dung céc
phuong phap trong He qué 2.1 [16], ta c6 v € C°(RY) nén o € (0,1). Cha

y rang

e < Ly (0) = Loy 5, (0) — % < I,vmz(n)’ b=
fj g—g 912 e+ 25 [ [ FG0)] oo — L P o)
min W ()
£33 h;gg,gf / [ﬁ  F(0,)] (500 — 5 F(o))d
J

1
= hmlnf( e (0) — g < I% 1o (D), 05 >) = €y,

Vay v 14 mot nghiem véi nang lugng cuc tiéu ctia phuong trinh (1.36), titc
la

Crin = Ly 7, (D) = ue/l\ftlf Ly o (u).
Y172
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Két luan Chuong 1

Trong chuong nay, ching to6i nghién citu sy ton tai nghiém yéu ctia phuong
trinh phan thi nhiéu pha ma ham phi tuyén c6 dang Choquard. Bai toan
duge xét khi ham phi tuyén c6 do tang t6i han va do tang mii kicu Trudinger-
Moser. Cac két qua chinh clia chuong nay 1a Dinh 1y va Dinh 1y .
Dé chiing minh cac két qua nay, trude hét ching toi chitng minh rang phiém
ham niang luong clia bai toan tuong ting théa man dieu kien hinh hoc cia
Dinh ly vuot nai. Tt d6 suy ra ton tai day (P.S) v6i mitc vuot nai duge ude
lugng. Tiép theo st dung tiéu chuan compact kiéu Lions, ching toi chi ra
rang giéi han yéu ctia day (PS) 1a nghiém yéu khong tam thuong ctia bai
toan da cho. Céc két qua cia chuong nay duge cong bd trong [76] va [62,
Dinh 1y 5].
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Chuong 2

Su co dac cua nghiém cho phuong
trinh Choquard phéan th& nhiéu pha

trong RY véi thé vi canh tranh

2.1 Sy ton tai nghiém véi nang lugng cuc tiéu

Xuat phat tit cac bai toan nhiéu pha khong can bang, trong chuong nay,
ching toi nghién citu sy ton tai nghiém yéu ctia phuong trinh chia toan ti
phan thi nhiéu pha trong RY v6i ham phi tuyén Choquard va s6 mil téi
han

m m

Y (AR v+ V(Ca)|

1=1 1=1

.\ (i . @(@)Fw) QUC)f(v) + ()% 20" uH(x) = max{u(z), 0},

||

Pi=2y (2.1)

t
trong d6 A > 0 du 16n, F(t) = [f(r)dr,m >2,2<p=p < -+ < pp =
0

N .
qg<—,s€(0,1),¢>01latham s6 nho, 0 < p < gs.
s
Ham thé vi V : RY — R 1a bi chiin va thoéa man diéu kien Rabinowitz:

(V) V e C(RY) sao cho

+oo > Vo = liminf V(z) > inf V(x) = Vi, > 0.

|x|—o00 T€ERN
Vé6i ham thé vi Q, ta gid sit Q thda man cac dieu kién sau:
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(Q) Q € C(RY) N L¥(RY) va lim sup),| 0o Q(z) = Qoo v2

Qumin := inf Q(z) >

RN

(VQ) V(0) = Vigin, Q(0) = Quax := supepy Q(z) > Qoo. Khi do VN Q #
0, véi

Y = {Z’ - RN . V(l’) = Vmin}a Q = {$ € RN : Q(l’) - Qmax}-

Ham phi tuyén tinh f thoa man cac dieu kien (f1) — (fs).
Ham thé vi V v @ c¢6 thé duge minh hoa thong qua vi du sau:

Viz)=2—e " Qz) =1+ 271,

Bay gig, ta kiém tra cac diéu kien cfia V va Q. D& thay, ham V (x) nhu trén
1a lien tuc tréen RY. Bén canh do6, vi 0 < elel® < I,nén 1 < V(z) < 2. Do
d6, ham nay bi chin. Tiép theo ta kiém tra diéu kien Rabinowitz:

o Voo = liminfy o V() = limpy (2 _ e—W) —2_0=2

o inf,pv V(x) = Vi = V(0) =
Vay +o00 > Vo = liminf ), V() > inf,cpy V() = Vigin > 0. Ham Q(x)
lien tuc tréen RY va do 1 < Q(x) < 3 nén bi chan. Lai co:

o Qo = limsupy,_ o Q(x) = limyy) s (1 + 2e—|x2> ~1

[ Qmin = infxeRN Q(.T) = Q(O) =1>0
. Vay dicu kien ctia ham @ dudc théa man.

Sau day, chiing toi gidi thieu khong gian nghiém cho bai toan (2.1). Ky
higu WyZ/(RY) (i = 1,...,m) la bao déng ctia Cg°(R"), v6i chuan

) el = [ VGl)

RN
Dat W = N2, Wye (RY). Khi d6 W, khong gian Banach 16i déu (tuong tu
[64], Bo deé 10) véi chuan ||vllw, = >, V[l ), vakhi d6 We 1a khong
gian phan xa.

Ton tai cac phép nhing W, — W‘??(RN) — WsP(RN),i=1,...,m
Theo diéu kien (V) va Dinh 1y 6.9 [57], ta c6 phép nhing tit W, vao L¥(RY)

Pidy.

lollwzzsqany = (012, + o2
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1a lien tuc véi moi v € [p;, (p;)i],i = 1,...,m, khi d6 ton tai hdng s6 t6i wu

Sy > 0 v6i moi v € [py,, (pm):] nhu sau:

v
Sy¢c= inf —H v
’ v#£0,veW, HUHLV (RN)

Suy ra
||UHLU(RN) < Su_,gHU”WQ vl moi u € Wc. (2.2)

Dé nghién citu nghiém yéu ctia phuong trinh (2.1, ta xét phiém ham
nang luong J. : We — R ¢6 dang

1 1 .
Je0) = 30 ol = Meelo) = [ (e, 23)
i=1 SR

trong 46 Kc(o) = 5 [ [0 Q) F)]QUCr)f(w)d. Vil @ € L*(RY),

Qmax = HQ”LOO (RN) ta co:

‘//Q (Y)Q(Cx) F(v(y ))F(v(:v))dxdy‘

S !93 —yl
F(o(y))| |F(
<0 /\ INECE] 0,
S \x —ylr

V6i moi v € W, sit dung Bd dé [1.1.14] cho F(v(y)) va F(v(x)) € LY(RY),
ton tai C' > 0 sao cho

Q(Cy)Q (v
[/ PRI gy < O IF ) e
\w —yl
RN RN
) 2N s . N
trong do6 t = 5N . Theo dieu kién (f5) va (f3), ton tai a > 0 sao cho
—

[F(v)] < a (o] + [v]").
Suy ra
| E ()|l ey < lla((v]? + o) || e@yy < a((|o?]] peyy + (07 ] 2 rny)

= a([|v[| 70 vy + 10 vy
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Két hop v6i phép nhing lien tuc tit W vao L"(RY) (r € [g,¢}]), ta c6
(IF ()l 2e@n)? < 2> (0] o ggry + |‘U‘|%7;t(RN))
< 2a%(S,, 2ol + S vl (2.4)

véi tq, t € [q, q;].
T (2.4), ta suy ra J; hoan toan xac dinh tréen W, va J: € C’l(WC,R).

Dao ham cua J; c6 dang

< T > Z / o(z) = v(y) pz";v(_x; ‘;fpﬂf))@(x) 60 41,

+Z/V§x|v

- /(v*)q52v+¢dx

RN

Pi=2yédr — QL x)f(v(x))o(x)dr
ot [ [ LS Q(Gaitoo))ofe)dady

RN RN

v6i moi v, ¢ € We. Nghiém yéu ctia phuong trinh (2.1)) duge dinh nghia nhu

Sau.:

Dinh nghia 2.1.1. Ham v € W, dugc goi 1a nghiém yéu ctia (2.1) néu véi
moi ¢ € W, ta c6

§° [ bt bt |7prgy>><¢<w> —A

i=1 R2N

+Z/ (Cx)|v

- /(U+)qs_2v+¢dx = 0.

RN

Pim2ybdr — QL x)f(v(x))o(x)dr
ot = [ [ LR Q(Gaiofo)ofa)dady

RN RN

Do d6 nghiém yéu v clia la diém t6i han ctia phiém ham nang lugng
Je trong We. Thic 1a ta c¢6 < Jé(v), ¢ >=0 v6i moi ¢ € We.

Dé chitng minh két qua chinh ctia chuong, ta can phién ban ctia Dinh 1y
Vuot nai nhu sau:

Bo dé 2.1.2. [66,68] Cho I € CY(X,R) va X la khong gian Banach. Gid
st 1(0) =0 va
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(I) Ton tai cdc hang s6 By, po > 0 théa man vdi meoiu € X : ||ul| = By :
I(u) > po.

(Iy) Ton taiuy € X : ||uy|| > Bo sao cho I(uy) < 0.

Pat ' = {~. € C([0,1], X) : 7.(0) = 0, I(7.(1)) < 0}. Khi do,

— inf I(7.(£)) > po,
¢ = inf max (7:(2)) = po

va ton tai mot day {u,}n la (PS). cia I trong X. Bén canh dé, I c6 mot
gid tri tdi han ¢ > py néu né théa man dieu kién Palais-Smale.

Tiép theo, ta chi ra ham nang luong J; théa méan diéu kién hinh hoc ciia
Dinh 1y Vugt nui:
Bé dé 2.1.3. Ham nang hiong Je ¢6 cac tinh chat sau:
(4) ton tai ar, pr > 0 sao cho Je(v) > a1 vdi moiv € We : ||[v]lw, = p1;
(4) ton tai e € W¢ vdi ||e|lw, > p1 sao cho J¢(e) < 0.

Chitng minh. Tt (2.4), khi [|v||w, di nhé, ton tai Cy > 0 sao cho

Dbi

m_ o[ .,
Wy (RY) 2 :
()2 30— (ol + ol - [ ol
i=1 pi RN
ml_pm n 9 9 *
> O Mollwezsgy)™ = Colllollif, + luliF,) - / 0% da
pm . ’
=1 RN
_m [o]|%, — Cullvll3t + [lvll?r.) — S5 fvl|&
- m WC * WC Wg q;‘,C Wc'

Bang cac udc hugng don gidn, ta chi ra rang ton tai oy, p1 > 0 sao cho
Je(v) > oy v6i moi v € W sao cho ||vflw, = p1 dit nhé.
Chon uy € W; \ {0} sao cho ug > 0. Khi t — oo ta ¢

L. . .
Je(tug) < Z EHU;Q W) T t4s / |up| % dr — —o0. (2.5)
1=1 RN
Diat e = tug, t du 16n, ta c6 Je(e) < 0.
[]

Tu Bo dé va st dung Dinh Iy Vuot nii, ton tai mot day Palais-Smale
{vn} C W¢ cho J; sao cho

Je(vn) = c¢ va Ji(v,) — 0 khin — oo, (2.6)
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trong do

¢c = Inf max Jo(7.(t), (2.7)

vGi
I'= {7 € C([0,1], W) : 7%:(0) = 0, Je(7.(1)) < 0}
Ky hieu Af = {u € W¢ : [supp{u"}| > 0}. Khi d6 ta c6 két qua sau:
Bo dé 2.1.4. Gid st diéu kien (V), (f2) va (f3) théa man. Khi dé vdi moi
¢ >0, ta co:
(7) Jé bién cdc tap bi chan cia W thanh cdc tdp bi chan ciia W
(47) Jé lien tuc yéu theo day trong We.
(#1d) limy, 00 Jc(tavs) = —00, trong dé v, € K va K C Af\ {0} la tap con
compact trong We.

Chiing minh. (i). Gia sit {v,} 1a day bi chan trong W, va ¢ € We. Khi d6

| < Jé(vn) ¢ > ’

[0a(2) — 0a ()P 2 (00 () — () (6(z) — B(y)
: 21: ‘R/N |x — y|NHps dxdy‘
+Z/v () fun Y| () iz

[+ @Uen P Q)o@ + [ ) ods.

RN RN

Ap dung bat ding thic Holder ta duge

| b)) 0 0)60) 010 1
+ [ V@l lota)ds

o ([ 1l )P ([0

z — y[ Vs 2 — y|VHEs dxdy)
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1

([ viomla) " ( [vieniswiar)

RN RN
< 2|lvally; lgllw

v6i moi t € {p1,...,pm}. St dung Bo dé|1.1.16] ta c6

| < Je(va) 6 > | (2.8)

< 2(llonll, Mgl + - - + loallii 6 llw,)

+ClQmaX>\a/(|Un|q 1+ |Un‘T 1)|¢)( |dl’+ 1¢dl’ (29)
RN

Ap dung bat déng thic Holder trong (2.8)), ta duoc

| < J(va), 6 > |

< 2(Jlonllf Ml + -+ oallfz dlw,)
+a%mm<\muuwm Sy Zlvalliv I llwe)
+ S5 ol [f, Hl e

Vay HJéHWQ-* 1a tap bi chan va tit d6 (¢7) duge chitng minh.
(i) Gia st v, — v yéu trong W, va ¢ € We. Ta sé chi ra rang
< Je(vn), ¢ >—=< Jp(v), ¢ >
khi n — 0o. Stt dung phép nhing compact tit W, (Bg(0)) vao L"(RY) véi
moi v € [1,q}), » € W¢ va Dinh 1y héi tu Vitali, ta c6

[ lte) =l DI () — 0u@))0x) ~S))

|z — y[NHs
R2N
v(z) —v(y)|"*(v(z) —v(y))(P(z) — d(y))
/ iz — s dzdy (2.10)
va
/V(Cm)|vn|t2vn¢dx—> /V(Cx)|v|t21}¢dx (2.11)
RN RN
/(v;)q;k?v;gbdx — /(v*)Q:QUJF(ﬁdx (2.12)
RN RN
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khin — oo, t € {p1,...,pm}. Lap luan tuong tu Bo dé[1.1.17, ta c6

[ [ * @ @] @it otz

B
RN
1
- [ [ @re)| Q@i @
RN
khi n — oco. Két hop —, ta duoc
< Jé(vn), ¢ >—< Jé(v), ¢ > khin — oo. (2.14)

(iii). Tit (2.5), ta co

Je(thv,) < Z b an
i=1 pl

Y23
Sp’L RN -

1% da. (2.15)

Viv, € K C AZT \ {0} 1& mot tap compact nén khi chon mot day con néu
can thiét, ta 6 the gid st rang v, — v € K C Af \ {0}. Tu (2.15), cho
n — 00, ta thu duge Je(t,v,) — —oo khi n — oo. O

Ky hieu N, 1a da tap Nehari lien két v6i bai toan (2.1)) nhu sau:

Ne ={v e W\ {0} < Jé(v),v >=0}.

Dat S¢ = {v € W : |Jvllw, = 1} va S =S¢ N AL, Khi d6 ta ¢6 két qua

sau:

Meénh dé 2.1.5. Gid st cic dieu kien (V), (f2) — (f3) théa man. Khi dé
vdi moi > 0, cdc khang dinh sau ding:

(1) vdi moi v € SZ’, ton tai duy nhat t, > 0 théa man t,v € N;. Hon nia,
me(v) =ty la diém cuc dai duy nhat cia Je trén We.

(i2) Tap N¢ bi chan dudi bdi 0. Ngoai ra, N¢ la tap dong trong We.

(i3) Véi moi phan ti v € Szr, ton tai mot so thuc duong o > 0 sao cho
t, > a. Voi moi tap compact A C SEL, ton tai C4 > 0 sao cho t, < C4 vdi
moi v € A.

(ia) Voi méi v € N, ta c6 m_"(u) = —

S Ng Hon nia, Ng la mot da
[[v]lw,

tap kha vi va dong phoi vdi SZT.
(i5) cc = infag Je > p1 > 0 va Je bi chan dudi trén N¢.

51



Chitng minh. (i1). V6i mdi v € Szr va t > 0, ta dat h(t) = J(tv). Theo Bo
dé [2.1.3) ta c6 h(t) > 0 khi t > 0 d& nhd va h(t) < 0 khi ¢ da 16n. Khi
d6, max;> h(t) dat cuc dai tai t = t, > 0 va theo Dinh 1y Fermat, ta c6
h'(t,) =0 va t,v € Nc. Cha ¥ rang tv € N néu

Y
ta—pi

t su(z)?

V[ ree e i,

(to(x))it o=yl

+ ||UHWS‘1 (RN)
1=1

{z:v(2)>0} {y:v(y)>0}

+tq5_q/(v+)q8dx. (2.16)
RN
. . . F(t .
Tu dieu kién (fy), ta thay rang t<q) \z) fq( )1 tang khi ¢t > 0. Gié st rang

v6i moi v, ton tai t; < tg sao cho t1v, tov E Ng, khi do ta c6

0 < Z (tq S el = [ [ @ew
{z:w(z)>0} {y:v(y)>0}
y <F(t1’v( y)) ftv(z)  Fltao(y) (@) >
(thio(y))? (to(x): " (fao(y))? (tav(z))s !

U(y)%"‘)(x)q —q a—q /
X ——————dzdy + (t7? " —15° “dx < 0.
|.CU - y"u ( 1 ) ( )

RN
Vo 1y, vay t, 1a duy nhat.
(i2) T didu kien (fo) va v € Ng, ta c6

> Wl = | [ EEE Qoo etarir+ [0

RN RN RN

(2.17)

Ap dung B6 dé[1.1.14) ton tai C' > 0 sao cho

‘// |F'(v ’x _y| (2))v (x)‘dxdy‘ < CO||F() || pe@o 1§ ()| gy, (2-18)

I
RN RN

2N

N Tu (1.2)), ta c6 [f(t)t] < a(|t|?+ [t|7) v6i moi t € R.

trong d6 t =
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Lap luan tuong tu 1' ton tai C; > 0 sao cho
2 T
1E @)y < S0l vy < Crlllvlliy, + lloliv,)- (2.19)

Két hop —, ton tai C, > 0 sao cho
m
> v

i=1

qs
We¢

i 2 —q;
];Vélc’z(RN) S C)‘C*Q?nax(HUHVIgC + HUHI?/IZ) + Sq;?g v
v6i moi u € M. Néu ton tai mot day con {v,}, C N¢ sao cho v, — 0 trong
W, khi do ta co6

qs

_ 2 —q
oy, < AC.CoQulonl + 0all3) + S5 ol
¢ ¢ ¢ s ¢

Un

Diéu nay 1a mau thuan vi 2¢ > ¢ va 27 > ¢. Do d6 ton tai k > 0 sao cho
|v|lw, > K > 0 v6i moi v € N¢. Bay gio ta ching minh réng tap N 1a dong
trong We¢. Goi {v,} 1a mot day trong N¢ sao cho v, — v trong W,. Theo
() ctia Bo dé[2.1.4] ta thay ring {Jé(vn)} la bi chan trong W. Do do, st

dung (2.14) véi ¢ = v, ta c6

< Jé(vn),vn > — < Jé(v),v >

=< Jé(vn) — Jé(v),v >4 < Jé(vn),vn —v>— 0.

Suy ra < Jé(@),fu >=0viv, € M. Khi d6 N, la dong trong W.

(i3). Voi mdi v € ST, ton tai t, > 0 sao cho t,v € N. Tit (ig), ta 6
ty = ||twv|| > & := «. Tiép theo ta chi ra réang ton tai C4 > 0 sao cho
t, < Cyvéimoiv e A C Szr. Ngugc lai, gia st ton tai {v,} C A sao cho
t, = t, — +o0o. Vi A la tap con compact, ta c6 thé gia sit ring ton tai

v € A sao cho v, — v. Tit (2.15), ta c6
Je(tnvy) — —00. (2.20)

Hon nita, v6i moi v € N, déng thic sau ding

m

>l

1=1

wrien) = A / K(v)Q(¢z)f(v)vdr + / (vH)% dz.
RN

RN
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Khi do

1 — / 1/ .
— gpl Ny~ KCe( de — — [ (vh)%dx.
qz ® ¢(v )F (v) qSRN( )

e f@v_F;%%/WM

RN RN

Theo diéu kien (f3), ta suy ra Je(t,v,) > 0 v6i moi n. Diéu nay mau thuin
véi (2.20) va do d6 (i3) duge chitng minh.
(i4). Ta dinh nghia anh xa 7 : We \ {0} — N vame @ ST — N nhu sau:

A~

mg(v) = tvv va me = mg‘gzr.

Theo (i1) — (i3), ta ap dung Menh dé 8 [69] ta thay m, 1a mot song anh gita
N . 2 2 — v

S{ va Ni. Khi d6 ta co mgl(v) = W,

ctia m¢. Vay, N¢ la da tap va dong phoi véi SZF.

(45). Theo Bo dé [2.1.3} ton tai C,(¢) > 0 va véi mdi v € We \ {0} ta c6

trong do mc_1 la anh xa ngugc

1—q4q *
t vl|%
We

m T T - ;
Je(tv) > ollfy, = ACOE oI, + T 0llF) — S,

q:.6

v6i ¢ > 0 di nhé, khi d6 ton tai p; > 0 sao cho Je(tv) > p; > 0. Theo
(i1) — (i3) va bang céac lap luan tuong tu trong [58, Menh de 3] va [69], ta

thu dugce
= inf J, f ax J(tv) = inf max J(t 2.21
¢c = jnf Je(v) = s ) Thax ¢(tv) Uléls+ max Jg(tv). (2.21)
Ta thay rang ¢ > py va khi d6 J¢(v) > py v6i moi v € N. O

Truée hét, ta cé cac két qua sau:

N

: s S
Bo dé 2.1.6. Cho day {u,} C N vdi J; sao cho J:(u,) — ¢ € (0, NSQ;?S)
va u, — 0 yéu trong We. Khi dé mot trong hai khd nang sau xdy ra:
(1) up, — 0 trong We;
(41) ton tai mot day {y,} C RY va hdng s6 R, 8 > 0 sao cho
lim sup / \up|dx > 5 > 0.

n—o0
BR(yn)
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Chiing minh. Gia st (ii) la sai, khi d6 lim,, o sup,cgy [ Jup|%dz = 0.
Br(y)

Vi W, nhing lien tuc vao W, sit dung B6 dé [1.2.4] ta duoc u, — 0 trong

LYRYN) v6i moi t € (q,q}). T gid thiét {u,} C N v Bd dé|1.1.16, ta thu

duge

m

>l

1=1

9 o

fonn =X [ Kelm)@a)f(wunds + [ Juf
RN RN

Gdr  (2.22)

S ClQmaX((SHun”Lq(]RN) =+ O((S)HunHLT(RN)) =+ / ‘U;’;

RN

“dr =0 doce (0, %sq;éi)_ Ti (2.22),

v6i moi 6 > 0. Ta ¢6 limy, oo [ |u;
]RN
khi n — oo, ta suy ra u, — 0 trong W¢. ]

Bo dé 2.1.7. Gid st {v,} la mot day (PS). cho J; trong W sao cho
v, — 0 yéu trong We. Néu v,, /4 0 manh trong We, khi dé ¢ > ¢y g.., vdi

Voo = inf  Tyoq.(v) = inf  maxTy. o.(tv)

Chiing minh. Goi {t,} 1a mot day sao cho {t,0,} C My._q...
Khing dinh 1. Ta chting minh ring limsup,, .. t, < 1. Ngugc lai, chon
mot day con néu can, ta gia st ton tai mot sé thuc duong 6 > 0 sao cho

tn > 146, v6i moin € N, (2.23)
Vi {v,} la déy (PS). nén < J.(v,),0, >= 0,(1) khi n — oo va J¢(v,) — c.

Diéu nay kéo theo

m

> (only + / (ca)lo,
oy /QCy el 1, 4 o2y + )

|z — y|#
RN RN RN

Pidr) (2.24)

Luu ¥ rang

m—1
Ztm—qqun]m / Vielou|dz) + [0,])0, + / Ve lon|dz

= Q% // U”tq - ())on(@ )dxdy+tq?Q/(n;)q3dx. (2.25)

RN RN ’x —ul RN
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Tfi-va , ta co

[ [ (BFOonts) | QR oot 1

RN RN tn 1‘x—y[” [ =yl

< Z;/ (Ve —V(Cx))|nn\pdx+/(v V() on|dz + 0n(1)
(=) [(o)id, (2.26)

RN

Chi § rang

o // tnntq 1|;_Uny’u)) n®) g

//QCy (Cx) F(0,(y))f(0,( ))vn(x)dydx
s \56 — y|
B (00 (¥))f(tn0n(z))00(x)  F(0,(y))f(0n(7))0n(2) .
¢ RZR[( tn 1\x—y|“ [ =yl )dyd
/ / (Q% — () F(0,(y))§(0,(2))0,(2) dydr.  (2.27)
\fc —y| ' '

Theo dieéu kién cta cac thé vi (V) va (Q), véi moi ¢, > 0, ton tai mot s6
thuc duong R = R((,) > 0 sao cho

V(Cx) > Voo — (o Q(Cx) < Qoo + ¢, v6i moi || > R. (2.28)

Ta suy ra

Q% — QCY)QC)] = [(Quo — QCY)) Qoo + Q(CY) Qoo — Q(C2))]
< [(Qoo — Q(CY)) Qoo + Qmax| Qo — Q(C))]
< 2(Qmax (2.29)

véi moi |z| > R va |y| > R. Chi ¥ rang W, nhing lién tuc vao L{(RY) véi
moi t € [p;, (pi)s), i = 1,...,m va la compact dia phuong. Khi d6, ta c6
v, — 0 trong LPi(Bgr(0)),7i =1,..., m. Diéu nay kéo theo
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Di d.’E

/R (Vi — V(C2)lon

[ (V= V(Ca)onPdz + / (Voo — V(C2))lo,
Br(0) B%(0)

svoo/ |onpida:+<;k/ v,
Br(0) 2(0)

< ou(1) + %/() V(ca) Jon
C*

Pidx

Di dl’

Di dx

< on(1) +

¢
m

§ on(1) +

véimoii=1,...,m trong d6 C > 0 1a hing s6 thich hop. Két hop (2.26)),

va (2.30), ta co
(tn 00 (W) F (00 (2)0,(2)  F(0,(y)f(0n(2))0, ()
A // < 1= 1 - >dydx

(2.30)

s ]:c—y|u =yl

<\ / / (Q% — Q(Cg)_ ;‘M( Dien@)on() ) 00
L / / (Q% — Q(Cg)_ z(/\“( DFOn(@)on() ) o0
Lo / / (Q% — Q(CT;)_Z(M( Dien(@)on(@) ) o0
+QC+%()

Theo Bo dé|1.1.16] ton tai Cy > 0 sao cho ‘fRN ﬁ&ﬁ)dy’ < Cy. Hon ntta,

‘ng T Q(Cy)Q(Cx)' < 2Cg?naux

trong RY, khi dé
[ [ [Flumtnstmtonns _F(%(y))f(twn(w))vn(x)] dedy

i e — ylm |z — y|#
< 20.C + 0n(1) (2.31)

v6i C' > 0 1a hing s6 thich hop. Vi v, - 0 trong W; nén ta c6 thé sit dung
B6 dé|1.1.10{ dé suy ra su ton tai ctia mot day (y,) € RY va hai hing s6
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duong R va 3 thoa man

/ o, dz > B> 0. (2.32)
BR(yn)

Ta ky hiéu v, (z) = min{v,(z),0} va vl (x) = max{v,(x),0}. Vi {v,}
la day bi chan trong W, nén {v, } clng la day bi chan trong W, va <
Jé(t)n), v, >— 0 as n — oo. Theo diéu kién f(t) = 0 v6i moi t € (—o0, 0],
ta c6 [[v,|lw, — 0 khi n — oo. Do d6 v, — 0 trong W,. Dat w, =
v,,(z + y,). Vi chuan |||y, w 1 bat bién qua phép tinh tién nén

[0 1,0 = llonllV, o < lonlliy,
khi Viyin < V(¢x). Do d6 {w,} 1a day bi chan trong W. Trich mot day con
néu can, ta co thé gia st ton tai w € W sao cho w, — w yéu trong W va

W, (z) — W(x) hau khap noi tren RY. Tt B6 dé Fatou, ta suy ra

[0~ v,y < i inf [[ro; fly, ;< Timinf f[ro,fw, = 0.
Vay w = w'. Tu (2.32), taco [ |[w]ldx > g > (. Diéu nay kéo theo
Bg(0)

sy ton tai cia @ > 0 va mot tap con 2 C Bg(0) sao cho Q] > 0 va
a
w(zx) >a>0,w,(r) > 5> 0 v6i moi z € Q khi n du 16n. Tu (2.31)), ta co

/s‘upp(wflr ) /SUPP (w,))

F(t,wa(y)) f(tw,(x))w,(z)
th o —yl»

) F<wn<y>>f<wn<x>>wn<x>] dudy
|z =yl

[ [ [Femmtnne s <wn<x>>wn<x>] o

RV JRY | o —yln |z — y|~
_ / / E (non(y)) f (tabn(2)) on(2) _ E (0a(y)) f (0a(2)) Un(x)] dady

e [T ey ool
< 2¢,C + 0,(1). (2.33)

Vi :g(f)l va F;(gt) la cac ham tang v6i moi ¢ > 0, nén tur (2.33)), ta suy ra

rang
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S

(1+8)BW) F (L + S(@) w(a)  F (@) f @) w(x)

(1+ ‘H!fv—yl“ |z — y|#

0<//
-] [

F((1+0)w(y)) f((1+dwx)w(x)  F(wy))f(w(r)) w(z)
(L +0)w(y))zle —yl((L+ o)w(@)): " [w(y)|2[w(z)|2]e -yl

n—oo

<timint [ [ fi (o)l ()]
Q Q

{ F(tnwn(y))f(tnwn(fff))W(x) F(w,(y)) § (w,(x)) w,(z)
)iz — ylr(twa(2)i [ wa(y) |

nwn
/supp /wpp

n(Y)]
F (t,w,(y)) f (t,w,(x)) Wy (z)

th o — gyl
F (@a(y)) (@ () W (2 )] dudy
|z — y|#
< 2¢.C + 0,(1) =

v6i moi ¢ > 0. Diéu nay la mau thudn. Vay Khang dinh 1 dugc ching
minh. Bay gi¢ ta xét cac tru’@ng hop sau:

Truong hgp 1. limsup,,_, . t, = 1. Trich ra mot day con néu can thiét, ta
gid st t,, = 1. Vi J¢(v,) = ¢ va {tnbn} C My,_q.., né

c+ On(l) = JC(Un) = Jg(bn) — IVoono (tnbn) + IVOO,QOO (tnbn)

> Je(on) — Ly, q. (tady) + cv q.. - (2.35)
Chi § rang
Jelo) = Ty ta00)
=3 B g, o [ V) -Vl

+ MQK (tan) — K¢ <un>>+tzsq:1 JIC RNEED

S
RN

59



Q2K (th0,) — K¢ (0,) (2.37)

-3/ <Q2 e

. Q(Cy)F(Un(y))Q(@)F(“"(x))>da:dy

|z — y|~
// Q2 ) (t Un(y))F(tnUn(x))dxdy
Ix —yl
//QCy (Cx) (F(tnon(2)) F (L0, (y)) — F(Un(sv))F(nn(y)))dxdy
[z — y|
F(tn0,(2)) F(tn0n(y)) — Fou(x))F(0a(y)) (2.38)

= F(tn0,(2)) (F(tnon(y)) — F(oa(y))) + (F(tnon(x)) — F(on(2))) F(0n(y)).

T gid thiét ctia (V) va (Q), v, — 0 trong L' (Bg(0)) ,t € {p
1, (2.28)), v6i moi |z| > R, ta c6

V(Cz) = Voo = (V(Cx) = Voo) + (1 = 87) Voo = =G+ (1 = 1)) Vi,

suy ra

| ()~ v ol do
RN
<[ - mv s [ ) - sy e
Br(0) B%(0)
> (Van = Vo) [ fouldo =G [ o, da
Br(0)

Bx(0)

V(1 - tg'a;)/ 0,7 da

B§(0)
> 0,(1) — ¢.C, (2.39)
véimoii=1,..., m. Do {v,} 1a day bi chan nén
1 — P )
T el ) 0,7, =0, (2.40)
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v6imoi i = 1,...,m. Két hop (2.36)-(2.40), ta c6
Te (0,) — Ty, (ta0,) > MQEK (t,0,) — K¢ (0,)) + 0,(1) — 2¢.C. (2.41)

Vi t, — 1, st dung Dinh 1y gi4 tri trung binh, diéu kien (f5), (2.37), (3.30
va Bo dé [1.1.16] ta c6 Q%K (t,v,) — K¢ (v,) — 0 khi n — oo. Két hop

va , ta suy ra

c+on(1) > ey . +on(l) —2¢.C

Cho n — oo va ¢, — 0, ta thu dudc ¢ > cy_qg.. -

Truong hop 2. Gia st limsup, . t, = to < 1. Khi d6, chon mot day

con néu can, ta gid st t, — to < 1 vat, < 1 véi moi n € N. Vi
. 1 1

(Tio . (ta0n) v ) = 0 v Ty g (ba0n) > ev o, o LD = SE(2)

la ham tang khi ¢t > 0, ta c6

1
- Ivoonoo (tnbn) - 5 < ‘//oonc (tnnn) 7tnnn>

m—

-3 (- = o) Mol avos

:)\Q2 /RN/RN (tn0n(y ‘x(t_ZT;E x)) tp0,(x)
AQQ /RN/RN tnn‘x_m(;f nOn (T ))dxdy

‘|‘ - — —* /|tn0n qsdﬂ?
q g

ni: <_ - _> [0 [z, wreo @)

)‘QQ (0,(y)) f (0n(2)) 0, ()
/RN /RN \x ol dxdy

A 2 n(
Q / / (only)) F (0n(2)) ;. dy + ( /|n G
RN JRY |95 —yl
= Je(0,) — 5 < Jc(on) v, > +o,(1) = c+ 0,(1).
Diéu nay kéo theo ¢ > ¢y ... [
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Bo dé 2.1.8. Cho (u,) la day (PS). cho Je, trong dé ¢ < cv,_q.. Khi do
(u,) la mot day con hoi tu trong We.

Ching minh. Dau tién, ta thay rang (u,) bi chin trong W,. Trich mot day

con, ta c6 thé gia sit u,, — u yéu trong We, u, — u trong L} (RN) v6i moi

loc
t € [1,(p)f) v6imoii = 1,...,m va u, — u hau khip noi trong RY. Ta
kiém tra dugc ring Ji(u) = 0. Bay gig, dat v, = u, —u. Theo B6 dé|1.1.18]
ta co
m Hun 5;/5*171‘ Hu bi 5,04
o (RY) Wyl (RY)
Je(on) =) s - — K¢ () + K¢ (u)
i=1 p'L pZ
Lo L
- _:;Hun L95 (RN) + q_’;”u La5 (RN) + On(l)
= J¢ (u) — Je(u) + 0n(1)
=c— Je(u) +op(1) = d+ 0,(1). (2.42)

Hon nita ta c6 the chi ra duge J{ (v,) = 0,(1). That vay, theo Bo dé|1.1.12

voi w, = v, va w = u, ta thu dugc

//R?N | Ay () — Ag (0y) — At(u)|t’ dx = o,(1), (2.43)

/ V(Ca)[on]"20n — ]2, + [uft 20l dz = o, (1), (2.44)
RN

trong d6 t € {p1,...,pm}. Tt bat déng thic Hélder, véi moi ¢ € W, sao
cho [|¢]l¢ <1, taco
| < Ji(0n) — JE(w) + (), ¢ > |

1
7

< 5 [/, 14000 - ) - ) dody)” 0]

te{pl ----- pm}
1 1
+ t

| [ Vicollonl 2o, =l uufde || [ Vigaloltds | |

N N
L 1
(af) q*
+ / [[0,]% 20, — 1, |42y, + ] 20 do / 6|7 dx
N N
+ A < Kg (0n) = K¢ (un) + K (u), ¢ > (2.45)
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Két hop (2.43), (2.44),(2.45) va J-(u,) = 0, Jo(u) = 0, ta duge < J/(0y,), ¢ >=
0n(1) v6i moi ¢ € W sao cho ||¢]|¢ < 1. Theo diéu kién (f2), ta thay rang

Je(u)

— Jelu) - % < T(w)u >
11 |
> - (_ - 5) ||Ll ;;[Z/S:gi(RN)
QUCY)Q(Cz) (Fluly)i(u(z))ulz)  Fluy)F(u(z))\
+)\/RN RV [T =yl ( q 2 )ddy
> (2.46)

Tir (2.42) va (2.46), ta suy ra

d<c<cy, qg.,

két hop véi Bo dé [2.1.7, ta nhan dudc v,, — 0 trong We, tic la u, — u
trong We. ]

B6 dé 2.1.9. Ta ¢d limsup, g+ ¢¢ < € Quuas-

Chitng minh. Ta khing dinh ring ton tai ¢ > 0 sao cho ¢ < ¢y o, V6i
moi ¢ € (0,¢). Tt dicu kien (VQ), ta c6 V(0) = Vigin va Q(0) = Quax-
Chon ham tron ® € C5°(RY, [0, 1]) théa man

1 néu z € By(0),

O(r) =
0 néu x € RY\ By(0).

x .

Ky hieu v,.(x) = &(=)w(z) v6i méi r > 0, w € W 1a mot nghiem duong
r

khong tam thuong véi nang lugng cuc tiéu clia cac bai toén gidi han (P, -,)

(Theo Dinh 1y [1.3.3)). Khi d6 ton tai t¢r > 0 sao cho t¢, v, € Ng, ta co

m

c¢ < Je(tervr) = Z —Htcrvr

Q(Cy)Q(Cx) F(te,vr(y)) F(tervp(2))
—A// dydx

|z — y|~

RN RN

— = te,vl|%
S

L9 (RN)"
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V6i moi u € Ng, ta co

Z”“ oo =2/ [ e @)|x(—(y\)u)f(u(x))“(x>dydx+ [@yia.
Vay
JC(U)L/\/C = Z l”u\ %}s,pi(RN> (247)
Q(Cy)Q(Cx) F(u(y)) F(u(x)) L
R[R{ N k= Q_R/ et

= J¢( )_‘<Jc( )u>

Q (Cy)Q(Cx) F(uly)) 1 !
/] ‘x () uta) — 5 F () dyd > 0

q
RN RN

Do d6, tit (2.47), véi mdi r > 0, {tc,} la ddy bi chan khi ¢ di nhé. That

vay, gid st rang lime_,o+ t¢,» = +00, khi d6 véi r, ¢d dinh, ta c6

qs

*

b
s]% qu (RN)

— —OQ.

JC(tCTUT < Z ;THUT (RN)

i=1 £ 3

Diéu nay mau thuan véi (2.47). Do d6, ta c6 thé gia st t¢, — ¢, khi ¢ — 07.

Cha y rang v, c6 gia compact, khi d6

(t,v-(y)) F(tv.(x))
lim sup ¢, < oo max// dydzx
C—> + C Z m1n |x_y|u y

RN RN
——/|t Uy

theo Dinh Iy Vitali. Ta nhac lai rang t,v,,w € My

min» max

va theo [3, Bo
de 2.2], lim, o v, = w trong W. Do d6, theo dicu kien (f5) ta suy ra

0+ T r—+4o0

minanax °

Vay c; < ¢y, g, v6i moi ¢ > 0 da nho. O
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Tt co sd phuong phap bién phan da trinh bay & trén, ta chi ra sy ton tai
nghiém v6i ning luong cyc tiéu cho bai toan (2.1) véi moi ¢ da nhé. Két
qué chinh ctia chuong nay duge phat bieu nhu sau:

Dinh ly 2.1.10. Gid si (V),(Q), (VQ) va (f1) — (f3) duge théa man. Khi

do ton tai (o > 0 sao cho bai todn c6 nghiém vdir nang luong cuc tiéu
vdi moi ¢ € (0, (o).

Chiing minh. Theo Bo dé 2.1.3, J; théa méan cic diéu kién hinh hoc cia
Dinh 1§ Vuot nai. Do d6 ton tai day (PS)-{u,} cta J, v6i mic c,. Ap dung
Bo dé [2.1.8 va Bo dé [2.1.9] ta chi ra rang ¢, < ¢y ., v6i ¢ > 0 da nho.
Khi d6 ton tai nghiém yéu cho bai toan la gi6i han yéu ctua day {u,}.
Hon nita Theo (2.21)), nghiém yéu 14 nghiém véi nang luong cyce ticu. ]

2.2 Su c6 dac cia nghiém

Tiép ndi két qua vé sy ton tai nghiem véi ning lugng cuc tieu uc, ¢ €
(0, ¢y), trong muc nay ta nghién cttu hién tugng co6 dic nghiem khi ¢ — 07
sau mot phép tinh tién phu hgp. Bo dé dudi day thiét lap su ton tai cla
day tinh tién {7,} € RY nham khoi phuc tinh compact va chiing minh sy

hoi tu ctia day nghiém ban dau.

Bo dé 2.2.1. Gid st ¢, — 0% va {u,} := {uc,} la nghiém vdi nang lugng
cuc tiéu cla . Khi dé ton tai day {§,} C RY sao cho khi trich mot day
con {yn} : Yn = GUn — y € VN Q. Hon nita, vy,(x) = up(x + §,) hoi tu
manh trong W dén nghiem vdi nang lugng cuc tiéu v cilia phuong trinh sau
trong RN

m

> (A At Vi Y Ju

i=1 =1

1

P2y = AQ2 s [_ * F(u(y))] Flu) + fu

G2y,
[z}

(2.48)

Chitng minh. Cho {u,} 14 mot day nghiém thu duge tit Dinh 1y [2.1.10] véi
(n — 0. Khi do6 ta co
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1

Jcn(un) = JCn(un) - 5<Jé (), ) (2.49)

+A//“9@y Qﬂ)(“”%%wawmaw—ngw»mf

|z — y|~

RN RN
m
>y il

Khi d6 {u,} 1a mot day bi chin trong W. Dau tién, ta chi ra rang ton tai
mot day {g,} C RY, R > 0va § > 0 théa man

pi (2.50)

Wyt (RN)”

lim |up|%dx > 6 > 0. (2.51)
n—oo
BR(gn)
That vay, néu véi moi R > 0, ta ¢
lim sup,cgy / u,|?dx = 0.

n—00
Br(y)

Tit B6 dé|1.2.4] ta chi ra ring u,, — 0 trong LY(RY) v6i moi t € (¢, ¢F). Chi

y rang J(uc, ) = ¢¢, va < Jén(un),un >= 0 v6i moi n. Theo B6 dé [2.1.9 va

N
Dinh 1y [1.3.3} ta ¢6 ¢¢, < ¢y . € (0, isqs) véi moi A di 16n. Tu diéu
kien (f1) va tinh toan nhu Dinh 1y - ta thu dugc

N T R G P

|z — y|~

RN RN
Vi u,, € N¢,, nén

EM%MWW_%//@@ Qew) Pl (), @)w)

|z — y|~

RN RN
+/\un
]RN

Hon nita, theo Dinh 1y [1.3.3, ta c6 lim,,_,o f |y,

% dg.

%dr = 0. Vay Hun||W< —

0 khi n — oo. Diéu nay mau thuan véi Menh de2 - 5. Do do - la ding.
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Dat vy = un(z + ), Va(z) = V(G2 + CalJn) va Qu(x) = QG + Calln).
Cht ¥ rang {v,} 1a day bi chan trong W, khi trich mot day con can thiét,
ton tai phan tit v € W sao cho v, — v yéu trong W va v,(x) — v(z) hau
khip noi trén RY. Suy ra v, 1a mot nghiem ctia phuong trinh:

h2y) = ) [l w < (Quly) F(u(y)))] Qula)f(w)

“2u, v € RY (2.52)

m

D ((=A)u+ Va(@)|u

1=1

v6i phiém ham ning luong

m

Tao) = 3ty + / Vi@)le,
Qu) Q) (1) Pl ()
—)\// - dydz

pzdil?)

—yl
RN RN
+ / lvp| B dx = I, (u,) = ¢, - (2.53)
RN

Chi ¥ rang tit Bo dé[2.1.9, ta c6 lim SUPE0 € < Clpin Qs
Khang dinh 1. Ta khang dinh ring day {,7.} 1& bi chan. That vay, ta
gid st day {(,¥,} khong bi chin. Khi d6, trich mot day con can thiét, ta

c6 thé gid st rang (9, — 0o0. Vi V va Q la cac ham bi chiin nén ta gia st
V(gngn) — Vb Z voo > Vmin va Q(qngn) — QO S Qoo < Qmax khi n — oo.
Hon nita, véi moi R > 0, V va @ 1a lién tuc déu tren Bg(0), ta thu duge

khi n — oo trén Bg(0). Tuong ty, ta ciing ¢
|Qn(z) — Qo| — 0 khi n — oo trén Br(0). (2.54)
T [54], v6i moi gb e W, taco
() = 0 (D20 () = 0, (0))(6(2) — 01)
/ |z — y| VP ey

o [ = P e) s 6le) ), o

R2N
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khi n — oo véi moi ¢ = 1,...,m. Tiép theo, theo Dinh Iy hoi tu Vitali, ta

suy ra
| [+ QP Q@)

= @} [ (i Pl ol o). (2.56)

RN

Tu 1) ta c6 v # 0. Bing cac lap luan tuong ty Bo dé [1.1.17] ton tai

C, > 0 sao cho

/ [F(vn)@ldx < C. (2.57)

Ap dung B6 dé[1.1.16| va (2.57)), ton tai C' > 0 sao cho

[ |7 @ r@u]e@iwyeld < [ il <+

(2.58)
Tuong ty, ta ciing thu duge [ Hﬁ x F'(v(y))]f(v(x))o(x)|de < +o00. Vi
RN

vay,

{[Frr@wrem]e@ee-[=

Khi d6 ton tai hang s6 K > 0 sao cho

QO «F

||

() |fv(@)o} € L'RY).

Q5
][W (@) F (onw)) | @@ ()0 = [ 28 5 Fo(u)[o(a))e] < K
véi moi € RY. Do d6 v6i moi § > 0, ton tai 7 = 0/ K sao cho véi tap E
dém dugc bat ky thoa man |E| < §/K, ta ¢

/Hﬁ ” (Qn(y)F(vn(y)))]Qn(a:)f(vn)qb— [|Q—|‘L « F(v(y)) ]f(v(x))(b‘dx

<I|E|K =71

v6i moi n. Vay
2

=% (Qu(y)F (va())) | Qu(@)f(vnd — | T % F(v(y))|f(v(x))d
Iﬂ«"l

Ja]r n
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14 dong kha tich tréen RY. Lap luan tuong tu nhu Bé dé(1.1.17]va Q 1a ham

bi chan, ta suy ra rang ton tai C, > 0 sao cho

[ |5 * @)@ o — [+ F]wteofts
B%(0)
< Cyy (2.59)
khi R > 0 du 16n. Cha § rang
Qs

[ * QWP Qu@iw)o ~ [ Faw)]ie@)e - o

hau khap noi tréen RY. Do dé, theo Dinh 1y hoi tu ctia Vitali, 1) ducc
chiing minh. Lap luén tuong tu, ta co

Pim2y, ddr = Vo/ Pi2podr,i=1,...,m. (2.60)
]RN

Jim | Va(w)len
RB
Vay (Zy, g, (v), #) = 0 véi moi ¢ € W.
Két hop (2.55), (2.60) va (2.56)), ta c6 v 1a mot nghiém ctia phuong trinh:

m

> (=4); uH/oZ\u

1=1

Stt dung B6 dé Fatou va (2.53)), ta thu dugc

2y, zeRN.

P = A [ Pl ()

||

/

1
CVmin;Qmax < C‘/O7QO S I%aQO(U) — IVELQO (U) — - < IVQ,QQ(U)7 v >

S |

1 1 .
e+ (= ) [ 1
1 RN

O [ [ Pt Gty - 5P

RN

1
< liminf(I;, (v,) — - < ]C (Un), Uy >)
q

n—oo

1
= liminf(J¢, (un) — = < J; (up), un >) = liminf e, < ey, Q-

n—oo q n—oo

Di¢u nay la mau thudn. Vay {¢,%,} phai bi chan trong R, ta c6 thé gia si
rang ton tai mot diém y € RY sao cho (.9, — vy khi n — 0o, sau khi lay

mot day con neu can thiet.
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Khang dinh 2. y € VN Q.
Néuy € VN Q, thi V(y) > Viun hodc Q(y) < Quax VA

1
Vi Q. < V(1)) < Tv().00) (V) = Ly (y).Q(p) (V) — = < I V). (V) v >

- i (l - 1) v %(y),WS’pi(RN - - = / v
—~\pi q

2w [ [ *F(v(y))](lﬂ V)~ SF(v))dr

|| q

a5 dzr

RN

1
< liminf(Z, (v,) — = < It (), v, >) = liminf ec, < v Qua-

n—o0 q n—oo
Diéu nay la khong the. Vay Khang dinh 2 duge chitng minh.
Khél’lg dinh 3. v,, — v manh trong W. Lap luan tuong tu Khang dinh 1
ta co I{/mm’Qmax(v) = 0. Tiép theo ta can ching minh

lim
n—oo

ni(RY) = || v] 7 n@yy t=1...,m. (2.61)

min»

Tu (2.61)), ta c6 v, — v manh trong W, theo Bo dé ciia Brezis-Lieb. Ta

cling c6

i=1,...,m (2.62)

1olly;

mm We:pi (RN) mm We:pi (RN)

theo Bo dé Fatou. Bing phuong phap phan chiing, ta gia st rang

Pi (RV) Pi (RY)

n—0o0
véii e {l,...,m}.
Cha ¥ rang

1 )
CVminanax + On(l) Ime Qmax (Un) - 5 < IVminmeax (Un)’ Un >

(1 1) / |
nE) TG T g
RN

s ]

min»
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Stt dung diéu kién (f2) va Bo dé Fatou, ta thu duge

CVmianmax — llm Sup Z (_ _ _)

n—00 mins (RY)

1
+ (——— hmmf/\@
q n—oo
1 F(v,)

+meg@gy/[J;*Fwawﬂbﬂ%wn— S ldo

||
1 1
wot (Gg) [
RN

a5 dx

RN

SR

% o

min

+A/@mxf— <>M§ww—F@hm
=Imm%mww—§<z¢m%mw»v>=zmm%mw>za@ﬂhw
diéu nay 1a mau thuan. Vay
@Yy 2 w@yy b =1...,m. (2.63)

n—oo

Két hop (2.62) va (2.63), ta thu duge (2.61).
Khing dinh 4. v 1a mot nghiém véi ning lugng cuc tiéu cta (2.48). That

vay, v 1a nghiem ctia (2.48) v n6 thda man

vy < Lviy).Qu (V)

1

= Zv o) (v) — 5 < IV(y),Q(y)(U)o v >
bi

=5 (23 e,
—~\pi q

+ QWM [ [ Fe)] it - SP0)ds

||

R
1 1
-2 [
q 9
RN

Wi (RY)

% do.

71



Theo Bo dé Fatou va y € VN Q, ta suy ra

1 1
CVmiI‘anax = CV(y) Q( ) < IITI;Il)})E)lf Z <]72 - 5) HU

Va(y),WePi(RN)

+ Alimin / Qu(2) O >[— o F(0,)] (S50 (@) () = 2 g

n—00 || q 2
—|—11m1nf —— — /\v “dg
n—oo
— h%r_l)g)lf(fc (vy) — a < ]C (Un), vy, >)

1
= liminf(J¢, (u,) — p < ‘]C (un), up >)

n—oo

=liminfe, <cyp., )
n_>oo C Vnnnanax

Vay Zv(1).0) (V) = Lvin.Quar (V) = Vi Quar» VA ¥ 12 nghiém véi nang lugng
cic tidu cta (2.48)). O

Bo dé 2.2.2. Gid st Cn — 0" va (un) C NCn thoa man Jcn (un) = CVpin O -
Khi dé ton tai (§,) C RN sao cho khi chon mot day con can thiét ta dugc
() = up (x + ) hoi tu manh trong W. Hon nia, y, = CJn — Y €

Vno.

Chitng minh. Vi < Ji (un),u, >= 0 va J¢, (u,) — oy,

min >Qmax

nén (u,) bi
chin trong W. Tiép theo, ta sé& chi ra ring ton tai mot day (7,) C RY va
hing s6 R > 0 va 8 > 0 thoa man

lim sup/ [u,|?dx > B> 0. (2.64)
BR(gn)

n—oo

Gia sit khéing dinh (2.64) 1 sai. Khi d6 véi moi R > 0 ta c6

lim sup / |u,|? dz = 0.
Br(y)

n—o0 yERN
Lai ¢6 (u,) 1a bi chan trong W, khi d6 tit Bo dé|1.1.10} ta suy ra u, — 0
trong L' (RY) véi moi t € (¢,¢}). Khi A dtt 16n, ta c6

S N
CVmin;Qmax E (07 NSQ§ qs)' (265)
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Theo B6 dé[1.1.16{va (f2), v6i moi 7 > 0 ton tai C;, > 0 sao cho

| [ » QG F )| @Gt uds

< C2(T*Hun|| (RN) + O [un7- RN)) (2.66)

trong d6 Coy > 013 mot hang s6 phit hgp. St dung gia thiét < Jén (up) , uy >=

0 va tinh toén tuong tu nhu Dinh 1y [1.3.3] ta thu dugc lim,, o [ (u,))%dx =
N

0. Do d6 [lun||;, — 0khin — oo. Suy ra Jg, (u,) — 0 khin —I>Roo. Dicu nay

mau thuan véi Je, (un) = v 0ue > 0. Dt v, (2) = u,, (v 4 9,). Khi d6

(v,,) 1a day bi chdn trong W va ti , ta c6 thé gid st rang v, — v Z 0

trong W khi n — oo. C6 dinh ¢, > 0 sao cho 0, = t,v, € My Vi

min anax *

Uy € ./\/gn néen

CVminanaX S I‘/min»Qmax (/ﬁn) = IVminanax (tnun) S JCn (tnun) + On(]‘)
S Jgn (U’n) + On<1) - CVmianmax + On(1)7

suy ra Zy,. 0. (On) = €V Quan- Ta gl st rang ¢, — to > 0 khi n — oo
va O, — tov ;= 0 # 0 yéu trong W va Ij, (0) = 0. Stt dung Bo dé

Brezis-Lieb [20] va B dé[1.1.17] ta c6

mm anax

"Z"‘/Ininanax (Un - /&) _> CVminmeax - "Z:‘/minanax (6) = 0 Vé’ I(/minanax (Un - U) % O

khi n — co. Vay ton tai hiang s6 C' > 0 sao cho

Z [0, —

1
<C [Ime,Qmax (B0 =) = 5 (Tt Qs (B = 1), = )| =0

Pi (RV)

min»

khi n — oo, nghia la
Un, — 0 trong W. (2.67)

Vit, =ty v6i tyg > 0 nén v,, — v trong W khi n — oo.

Ky hieu v, = (,Un, lay mot day con néu can thiét, ta sé chiing minh rang
Yyp — y voi moi y € VN Q. Dau tien, ta chi ra rang (y,) bi chin. Bang
phuong phap phan ching, gid st rang |y,| — oo khi n — oco. Tu ,
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Vmin < Voo va Qmax > QOQ, ta co

CVminanax - IVmin;Qmax (/l’)) < IVoonoo (ll’})

o 1. 1 -
< h}gg}f [ Z (; [Un]ts,t + n /RN V (Ca + Yn) |Un‘t d:U)

te{p1,...,Pm}

2

- /\goolc (6n)]
—liminf Y (@[u It +@/ V (Coz) Ju \t)

1 10 ; Unls t Jon n n

fG{Pl» apm}

F

iy [ ACD Dl

n—+00 |Z — Z"u

R2N

= liminf J¢, (thu,) < lminf Je (un) = v, Quans

n—o0 n—00
diéu nay 1a vo ly. Do do6, (y,) 1& mot day bi chan, khi trich ra mot day con
can thiét, ta cé i, — y € RY. D& thay, y € VN Q. Ngudc lai, néuy € YN Q,
khi d6 Viuin < V(y) hofic Quax > Q(y). Theo lap luan ctia bat dang thiic
trude do, ta suy ra mau thudn. Bé dé duge ching minh. O

Tiép theo, ta dua ra uéc lugng L™ thong qua phuong phap lap Moser
trong [52, 6].

Bo dé 2.2.3. Cho v, la mot nghiém vdi nang lugng cuc tiéu cia bai toan
Z?il(_A);ivn + > it Va()
=\ (i (Qu)F (02))) Qul@)F (v0) + [o

v, €W, v, >0 trong RY,

trong do Vn(x) =V (Cnx + Cngn)y Qn(x) - Q (Cnx + Cngn) va Cngn — Y€
YN Q. Néu v, — v # 0 trong W, khi dé ton tai hang so6 C > 0 sao cho

—2
Pi=2,,

%2y, trong RY  (2.68)

[Unlo, < C vdi moin € N.
Hon nita ta co

lim wv,(x) =0 hau khdp noi trong n € N,

|x]—o0

Vi |vy|, > o vdi moin € N va hing so o > 0.
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Chitng minh. V6i moi L > 0 va 8 > 1, ta ky hiéu

~1
Y (a) = L8 (va) = vtV € W,

trong d6 vy, = min {v,, L}. Theo [4], ta c6
T (v) (2) = T () (9) (2.69)
< Jon(@) = oa@)I" @ale) = va(®)) ( (o) (@) = (0a0) W)

va
// [on(2) = va()]"* (va(2) — va(y))
R2N |z — y|N P
[(vnvm ) @) = (0t ) )] dzay =0 (270
v6l moi 1 = 1 — 1. Lay v (v,) = vnvL(n Y 1a ham thi trong (2.68)).

Tu’ - va , ta thu dugc

[F(vn)]g’qu/ Vo(x )\vn|quﬁ U da
)P (0n(2) = va(y))

|Un - Un
< Z
//RQN |33 — ‘N+Spl

X [(vnvL(i 1)) (x) — (vnvL(g_l)) (y)} dxdy
// v () — va ()| *(va(®) = va(y))

‘I’ _ |N+qs

< (vt ) (@) = (vvf ™) ()] dady
+Z/ Upvan D dx
— / <|x|ﬂ * Qn(y) F( n)> Qn(x)f(vn)vnv%fg—n dx

+/ Up, quL<§_1) dx. (2.71)
RN ’
Vil (v,) > %vnvg;f, nén
1\? _
[F (U”) gq > S 1HF (Un) HLqS (RN) Z <B) S* 1anv€,n1“%q§(RN)7 (272)
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trong d6 S, 1a hdng s6 phit hgp. Chu ¥ rang (v,) 1a day bi chin va st dung
B6 dé[1.1.16| ton tai mot hing s6 Cy > 0 sao cho

sup |K (vy,)],, < Co. (2.73)

neN

T céc gid thiét ctia f, v6i moi £ > 0, ton tai C¢ > 0 sao cho
IF (va)| < €|Un|q_1

Chon £ € ( , )\00122‘3 > va st dung (2.71)-(2.74) két hop cung tinh bi chan

ctia () ta suy ra ton tai C' > 0 sao cho

(2.74)

: -1
1wl g gy < CBQ/N 0] % 010V d, (2.75)
trong d6 wy, ,, = vnvL .Taldy B=2L vacodinh R>0.Vi0 < Urn < Uy
néen
I (2.76)
RN ’ ]RN )

. ai—a\ 1
— qs—q a
= o vl Upvpy, | do

ai—q\ 1
§/ Rqsqv%d:{:—k/ (U (vnvL7;> dz
{on<R} {v,>R}

*
9s —

Tq ai—q a5
< / qu‘—%g?dx + < / UZ: da:) / <vnvL;’1 > dx
{vn <R} {v,>R} RN 7

Vi v, — v trong W ta chon R > 0 du l6n sao cho

Q
m*"g

*
9s —4

</ vgzdx) " <npg 1, (2.77)
{v,>R}
trong d6 n > 0. Két hap ( - - ta co

s qﬂ (15 i} .
( / (Unan ) dsc) <Cpe / RO
RN ’ RN
ai—a\ &
+ Cn / <Un?}L(;L > dx < 00.
RN ’
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Lay gi6i han khi L — oo va chon n > 0 sao cho 1 — nC > 0, ta thu dugc

*\2

(43)
v, € L a (RN). St dung 0 < vp, < v, va cho L — oo trong ([2.79)), ta c6

Tw do suy ra

RN RN

V6i m > 1, ta chon 8,41 thoa man ¢ + ¢ (Bpa1 — 1) = ¢ va By = ‘Iq_z.
Dé thay,
B =B1"(b1 — 1) + 1,

va [, — 0o khi m — o0o. Theo cong thic ctia 3,11, ta c6

1 1
* (B'm 71)‘1;'( # * ﬁ(ﬁm—l)
(/RN UTBLmHQde) " < (Cl/qﬁmH)ﬂ 17 (/RN vgsﬁmdx> :

bat

1

3 a5 (Bm—1)
D, = vlsPmdg :
RN

Tiép tuc qua trinh trén, ton tai hing s6 C, > 0 doc lap v6i m sao cho
m 1
Dyr < [T (€Y9814) ™7 Dy < €.y,
k=1

Lay gi6i han khi m — oo, ta thu duge |v,|,, < K, v6i moi n € N, trong dé
K, > 01lahang so thich hop. Viv, — v trong W, ta suy ra limj, . vp(2z) =
0 hau khap noi trong n € N. Hon nita, st dung v, — v # 0 trong W theo
B6 dé[2.2.2) ton tai (,) va B, R > 0 sao cho

/ v, |T dz > .
BR(?jn)

Néu |vy,|,, — 0 thi

0<p< / oa]? dz < | Br(0)] |oa]”. = 0,
BR(gn)
diéu nay la mau thudn. Vay ton tai mot hang s6 o > 0 sao cho |v,| > o

vOei moi n € N. ]
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Dinh 1y 2.2.4. Gia st (V), (Q), (VQ), va (f1)—(f5) duge théa man, Khi dé
ton tai (y > 0 sao cho phuong trinh c6 mot nghiém duong khong tam
thuong vdi moi A du lon va ¢ € (0, Cy). Ta ky hiéu nghiem trén la ve va x¢ €
RY la cuc dai toan cuc ciia né, khi dé lime_o V (x¢) = Vipin, lime 0 Q(¢) =

QmaX‘
Chitng minh Dinh 1ij|2.2.4. T Dinh 1y [2.1.10, ta suy ra sy ton tai nghiém

v6i nang luong cuc tiéu clia bai toan (2.1). Goi u¢, la mot nghiem yéu clia

2.1). Khi d6 v,, = u¢, (- + ¥,) 1a nghiém ctia phuong trinh

221(_A);iUn + Z?il Va(z)|vn
= A (5 * Qu)F (0)) Qul@)f (va) + [

v, €W, v, >0 trong RV,

=2y, trong RN

trong d6 V,,(z) = V(G + Guln), Qn(z) = Q (G + i) va (Gn) C RY
duge cho béi Bo deé . Hon nita, khi trich mot day con néu can thiét,
ta co thé giad st y, = Gin — vy € VN Q va v, — v trong W. Néu p,, la
diem cuc dai clia vy, thi ton tai R > 0 sao cho |p,| < R v6i moi n € N,

theo B dé[2.2.3| Khi dé6 diém cuc dai ctia uc, duge cho bdi z¢, = pp + Uy va
Cnze, — y € VN Q. Tu tinh lién tuc ciia V va Q, ta c6 lim,, oo V ((r2c,) —
V(y) = Vinin va lim,, Q (anCn) — Q(y) - Qmax- []

Dinh Iy tiép theo thu duoc truc tiép tit Bé dé [2.2.1]

Dinh 1y 2.2.5. Gid st ve la nghiém théa man Dinh 1§|2.2.4. Khi dé ton tai
mot day {gc} sao cho we(x) = ve(x + ) hoi tu manh trong W dén mot

nghiém vdi nang luong cuc tiéu clia

m

> (A v+ Vi > v

i=1 =1

trong RN khi ¢ — 07,

1

M = Ml * F(0)]f(v) + v

05 =2,
||
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Két luan Chuong 2

Trong chuong nay, stt dung phuong phap bién phan, chiing toi chiing minh
su ton tai nghiem yéu va su co dic clia nghiém cho phuong trinh Choquard
phan thit nhidu pha (2.1). Cac két qua chinh ctia chuong nay la Dinh ly
va Dinh 1y . Cac két qua ctia chuong nay duge cong bo trong [62)].
Dinh 1y cho thay sy ton tai nghiém yéu ctia bai toan khong 6-to-nom
khi ¢ di nhé va cuc dai toan cuc ciia nghiem co diic quanh cuc tiéu
toan cuc ciia thé vi V' va cuc dai toan cuc ciia thé vi (). Dinh Iy noi
rang day nghiém clia bai toan sau phép doi bién tinh tién sé hoi tu
t6i nghiém ctia bai toan giéi han. Trong [6], [9], [22] va [80] khong cé cac
két qua kiéu nay. Do d6 két qua nay ciia ching toi 1a méi. Dé chiing minh
sy ton tai nghiém clia bai toan khong 6-to-nom, truéc hét ching toi chi ra

phiém ham ning luong théa man diéu kién hinh hoc ctia Dinh Iy Vuot ndai.

Do d6 sé ton tai day (P.S) v6i muc vuot nai C; duge xéc dinh trong (2.7).

Tiép theo, ta chiing minh tinh compact ctia day (P.S) khi mitc vugt nai bi
chan trén bdi mic vugt nai ctia bai todn giéi han (1.18) véi A du 16n. Do
d6 nghiém yéu ciia bai toan 14 gi6i han cia day (PS). Bai toan chia
thé vi hat V va thé vi day Q, diéu nay dan dén kho khian khi ching toi
ching minh tinh compact ctia day (P.S). Hon nita, khé khan cing gip phéai
khi chiing toi chitng minh giéi han ctia day nghiém cia vé nghiém clia
bai toan gi6i han. So sanh vdi két qua ctia Chen-Li-Yang, Ambrosio, Dinh
Iy khi m = 1, phuong trinh clia ching toi chita hai thé vi V va
(), trong khi bai toan ma Chen-Li-Yang [22], Ambrosio [6] xét chi chita mot
thé vi V. Do d6 két qua ctia chiing toi 14 méi trong truong hop m = 1. Hién
cling chua c6 cac két qua cho m > 2 clia phuong trinh . Cac két qua

ctia Ambrosio [9], Zheng cling cac cong su [80] nghién citu sy nhiéu nghiem
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va su ¢o6 dac nghiém cho bai toan . Bai toan nay khong c6 s6 hang tdi

4:~2y. Hon nita gid thiét ctia ham thé vi V thoa man diéu kien (V4)

han |u
va (V5), khéc véi gid thiét ctia V trong két qua ctia ching t6i, dan dén ho
diing phuong phéap chiit cut ham phi tuyén dé nghién citu sy ton tai nghiém.

Do d6 két qué ctia ching toi 1a doc lap véi két qué ctia ho.
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Chuong 3

Su ton tai nghiém yéu ctia phuong
trinh kiéu Kirchhoff-Schrédinger
phan thit nhieu pha trong RY véi do
tang mu

3.1 Phuong trinh kiéu Kirchhoff-Schrodinger phan thd@ nhidu

pha trong RY véi do tang mii t6i han

Trong chuong nay, ching t6i nghién ctu su ton tai nghiém yéu ciia phuong
trinh Kirchhoff-Schrodinger phan thit nhiéu pha véi ky di

i Mi(//Rm lu(z) — u(y)[" Ki(z — y)dvdy + ‘[RN Vi(x) |u(z)" dx)
< (L5,u(z) + V() fuf 2wy = L (‘35‘), (3.1

tI‘OIlgdéTZ 17 N:plsa vV E [OaN)7 s € (071)7 2 Sp:pl < <pr<
+00. V' 1a ham thé vi théa man dicu kien (V;) va (V5) hodc (V1) va (V3).
Ham Kirchhoff M;(t) (i = 1,...,T) thudc 16p M cdc ham M thoéa méan
dieu kién:

(1) M(t) > mg >0, Vt € RT,

(62) M(t) <bg+ b1t + ...+ bt t>0,0,>01=1,....m, a, > ... >
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a1+1 tam+1

..+0b :
Of1+1+ +m04m+1

t
M(t) :/0 M(r)dr < byt + by

(mg) ton tai @ > 1 sao cho %—ﬁ) la tang trong (0, 00).

Nhan ky di K;,i=1,...,T thda man cac dieu kién:

(CH) nK; € LYRY), trong d6 n(x) = min {|x""  1}.

) Ton tai k; > 0 thoa man K;(z) > k; |z|” ) v6i moi x € ,
CH) T ki > 0 th K i ||~ Pe) RV \ {0
1=1,...,T.

Ta gia st rang ham phi tuyén lien tuc f : RY x R — R ¢6 do tang mil t6i
han thoa man diéu kién:
(f;) Ton tai cac hang s6 ag € (0, 54),0 < B, < ay, by, by > 0 sao cho
[f(, 6)] < by 4 ba®av (g [1M),

v6i moi (z,t) € RY x R, trong dé6 dy4(y) = ¥ — gif%,jp =

min{j € N:j > p}.
(fii) Ton tai u > max{prb, pr(a,, + 1)} sao cho

f(ZU,t) o :LLF(I7t) Z —PWN/S

v6i moi (z,t) € RY x R, p > 0 v& thda méan

9

p o p
trong d6 6 > 1 1a hang s6 dugc cho trong dieu kién (mg3).
(fi:) Ton tai mot hang s6 B > 0 théa man lim, r (N/s) < B déutheoz € RN

sao cho “{* BAN/S7 > 0.

(fiw) Ton tai 3 > 0 sao cho
F(xvt) 2 N WL
v6i moi (x,t) € RY x R, trong dé u > max{prf, pr(a,, + 1)} 1a hing

s6 dugc cho trong diéu kien (fs).
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Ham thé vi V' 1a ham lién tuc théa man cac diéu kién sau:

(V1) V(x) > Vo > 0 v6i moi x € RY;

(V) V6i mdi ¢ > 0, ta c6 means ({z € RY : V(z) <c¢}) < oo, trong d6
means 1a do do Lebesgue trong RY. Ta gia st V théa man thém mot
s0 dieu kien ngoai (V1) va (V3) nhu sau:

(V3) Ton tai h > 0 sao cho limy,_,o meas({z € By(y) : V(x) < c}) = 0 véi
moi ¢ > 0.

Trude khi trinh bay céc két qua chinh, ching toi thiét 1ap mot s6 ky hieu
va dinh nghia. Ky hiéu Wf(zz (¢ = 1,...,T) la khong gian Sobolev phan
thit cho bdi

Wi (RY) i= {v € L"(RY) : [v]s.x,, < 00},

1/pi .
trong do [v]s.k,p = ff lv(z) — v(y)|PiK;(x — y)dxdy) . Cha y réng

W;{f {(RY) 1a khong gian Banach 16i déu (nhu trong [64]) vé6i chuan

1/pi
ol = (1101 By + 05)

Goi W (i=1,...,T) la bao déng ctia C§¢(RY) véi chuan

| 2) e = [ V@l

RN
Khi do, W; la khong gian Banach 16i déu (theo [64], Bo dé 10), va W
la khong gian phan xa. Mot vi du cta nhan ky di K; (i = 1,...,7) la
Ki(z) = || W) Khi K;(x) = 2|~V *7) ta sit dung ky hieu WP (RY)
thay cho Wi (RY) va [v],,, thay cho [v]s k. p,-

Diat W = N, W,. V6i moi v € [ﬂ, +00), ap dung Dinh 1y 6.9 [57], ta
c6 cac phép nhing W — W, — W‘fp (RY) — L¥(RY) la lien tuc do diéu
kien (V). Khi d6, hang s6 t6i wu S, > 0 duge xac dinh béi

S, = inf —HUHW .
v£0,vEW H’UHLV (RN)

Pidy.

= ([l + o

Nhu vay, véi moi v € W, ta ¢b

[10]]zr @) < S5 0]l (3.2)
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Nghiém yéu ctia phuong trinh (3.1)) dugce dinh nghia nhu sau:

Dinh nghia 3.1.1. Ham u € W dudc goi 1a nghiém yéu ctia phuong trinh
(3.1) néu véi moi ham thit ¢ € W, ta c6

T
bi ) f
;quu %) A / |x|7

7= [ o) =00
+ [ Vel

Sau day chtng toi trinh bay mot s6 két qua vé tinh nhing compact clia

trong do,

Pim2(u(z) — u(y)) (e(x) — o(y) K;(x — y)dady

Pi—2ypd.

khong gian Wj.

Bo6 dé 3.1.2. [70] Néu V théa man (V1) va (V3), thi khong gian Wy dugc
nhing compact vao L' (RY) vdi moi v € [&, 400).

Bo dé 3.1.3. [70] Gid stV théa man cic dieu kien (V1) va (V) hogc (V1)
va (V3), ¢ > g vay € [0, N), khi d6 Wy nhiing compact vao LY(RY, |z|~7).

Ap dung hai bo de trén, ton tai hang s6 toi uu A, (v > —) duge xéc
s
dinh nhu sau
= blbe
v#0,veEW HUHLV RN |z|~ 'y)
Suy ra
V]| 2o @ o) < A 0]l (3.3)

N N

Vi W duge nhing lien tuc vao Wy, theo Bo deé [3.1.3] véi moi v € [—, +00),
S

ton tai mot phép nhing lien tuc tit W vao LY(RY,|z|™7) (0 < v < N), khi

d6 hang s6 t6i wu A, , hoan toan duge xac dinh nhu sau

P
v#0,veEW HUHL” RN |z|~7)
Suy ra
0]z jof -y < Ag3l10lIw (34)
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Cho € 14 mién bi chiin v6i bién tron trong RY, N > 2. Khi d6 Wéﬂ’p(Q)
nhing lién tuc vao LNp/(N*kp)(Q) viil <k< Nval<p< % Trong
truong hop bién, £ = 1, p = N, ta khong c6 phép nhing tir Wol’N(Q) VA0
L>(€). Dé khic phuc diéu nay, Trudinger [71] chiing minh ring ton tai hai

hang s6 duong ay va Cy sao cho
et
/604“ ~dx < Cy |9
Q

v6i moi 0 < o < ay, u € CX(Q), [, (Vu|™ dz < 1, trong d6

_N
ay = sup{a>0: sup /ea“Nldx<oo}.
ueWy N (Q), | Vul y<1 /9

_1
Nam 1970, Moser [53] chiing minh rang ay = Nwy_}, vl wy_1 la dién

tich mat cau don vi. Néu a > ap, thi

N
N-1
sup /eo‘“| dx = oo.
ueWy ™ (Q),)|Vul| y<1 /€

Khoang 30 nam sau d6, Adachi v& Tanach [1] dung khai trién Taylor dé dua

ra dang mé rong ciia bat dang thitc Trudinger-Moser nhu sau:

Dinh 1y 3.1.4. Dit

Khi do ton tai hang so Cx > 0 sao cho

sup / @(a\u\%)d:ﬁ < C’N/ u|™ da
RN

ueWLN (RN, o x| V|V de<1 R¥
01 0 < a < ay.
Tuong tu, trong khong gian Sobolev phan thi, W*P(Q)) duge nhing lién
tuc vao L4(§2) véi moi g sao cho p < ¢ < pi = %, N > ps. Khi N = ps

ta khong c6 phép nhiing. Nam 2016, Parini va Ruf [61] d4 md rong bat dang
thitc Trudinger-Moser cho khéng gian Sobolev phan th@ nhu sau:
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Dinh 1y 3.1.5. Cho Q la mot mién md bj chan cia RN (N > 2) vdi bien
Lipschitz, va cho s € (0,1), sp = N. Wg’p(Q) la bao dong cia C§°(£2) vdi

chuan X

lalisry = (il + [0l?,)

1/p
u(z) —u(y)|”
<//JR2N |z — N+Sp dady '

Khi dé ton tai hang so o, = (s, Q) > 0 sao cho

sup / oful ¥ dxr < 400,
ueWg?(Q),[u], , <178

trong do

vdi o € [0, ). Hon niia,

N
sup / el gy = 40,
ueWs?(Q),[ul, <1 /42

trong do o € (o y, +00) va theo [61)]

S

. 2(Nwy )’ T(p+1) = (N +k —1)! 1 N
O‘S,NN( NN! 2 k! (N+2k;)P> '

k=0
Nam 2020, Thin [70] d& mé rong dinh 1y trén cho truong hgp ky di nhu
sau:
Dinh 1y 3.1.6. Cho v € [0,N), s € (0,1) va ta gid st sp = N, N > 1.
Khi dé ton tai mot hang so B > 0 sao cho
N
P Nos
sup / Nl lul )da: < +00
R

5
u€WP(RN),[[ullyys,p ) <1 ||

. L ) o
ding vdi moi 0 < a < B, < (1 — %), trong dé Py s(t) = €' — ;.”:0 E__J!;

Jp=min{j € N:j > p}. Hon nita vdi o > o y, ta cd

N
d Nos
sup / ns(afu )dx = +00.
RN

-
wEW 2 (RN, ullsp e <1 ||

Dé chitng minh céc két qua chinh trong phan nay, ta xét ham nang lugng
1 , F(x,u)
Tw) = S = M(|[ull?, —/ ) g (3.5)
) =S () - [ EE
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Theo Dinh nghia | | ta thay ring néu u la diém t6i han ciia ham nang
luong J trong W, khi va chi khi u 14 nghiém yéu cia phuong trinh .

Bo6 dé 3.1.7. Gid s ham thé vi V théa man dieu kien (V1) va ham phi

tuyén [ théa man cac dieu kien (f;) va (fi;). Khi dé ton tai cdac hding so

duong to, po sao cho J(u) > py vdi moi w € W, trong do ||ul|,, = to.

Chitng minh. Theo B6 dé 6 [70], véi ¢ > pr, ton tai C' > 0 sao cho
[F(w,t)] < (B—=7) [t + O |t @ (o [t )

v6i moi x € RN vat € R. Khi d6

> S Ly -5 [ B
> —M;(l|u —(B—-r1 x
=1 Di v ry 2|’
0 s [ufM )
—C || P dx. (3.6)
RN

Chon cac hing s ¢t > 1: ty < N,t' > 1sao cho 1 + + = 1, 4p dung bét
déng thiic Holder, ta thu duge

o @s(ag [u] V)
o o 22—

N/(N=s)\\ © i
<(/ LAELCTIC el IV T
s E )

Lap luan tuong tu B dé 9 [70] va ap dung Dinh 1y [3.1.6, ton tai mot hing
s6 D > 0 thoa man

t T
By s [u] M)
(/]RN ( 2] de | < D.

Vi W dugc nhing lien tuc vao L (RY), nén
/ [ul? By, (o [u )
RN |z

Theo B6 dé[3.1.3, v6i moi u € W, ta c6

de < DS |[ullfy < +o0.

HUHLN/S(RN,|I| =< AN}S,"}/ ’U’HW1 )

87



Khi ||u||yy di nho, ta thu duge

Tipr

>

[Tl -

Néu T > 2, thi
T
1
=2 M
im1 i

> (22— (B =) Ayl +Z —M([lulf

b1

— (B = 1) A ullfy, — CDS ! [ullfy

qt’

w.) — CDS ! ullyy

> mm{— — (B — T)A;\,]/\;/S mln —} Z l|w|[3y,

w,) = CDS! lully

D1 i, T p; a
> ully (C. = CDS ¢ flullfy, ) (3.7)
trong do
Cy = Tl_pT.min @—(B—T)A_// , min o
pr P1 =21 Pj
Cho h(t) = C, — CDS_/t*7P7. D& thay h(t) la ham lién tuc trong [0, +o0)

va limy o+ h(t) = C,. Khi d6 ton tai ty : h(t) > Cy — ey v6i moi 0 < t < 1,

tp 1a di nho sao cho ||ul|,,, = to. Dét e = %, ta co h(t) > %,0 <t <t
s [lullw,

C
Dac biet, ta cting thu duge h(ty) > 5 Suy ra J(u) > W véiu €W

sa0 cho [[ullyy, = to, va J(u) > ©CC = py.
Chitng minh tuong tu nhu tru’dng hop T = 2, ta thu dugc két luan cta
b6 deé khi T = 1. O

Bo6 dé 3.1.8. Gid sit (Vi) va (fi) dugc théa man, khi doé ton tai v €
Cee(RY) wdi ||v]lyy > to : J(v) < 0, trong dé ty > 0 duoe cho trong Bo dé
[T 17

Chiaing minh. Véi moi u € C§°(RY), theo (f;y), (c2) vat > 0, ta co

T
1 _ F
=3 — Mi(|ltullt,) —/ Ple.tu)
" Di ' RN

|
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T pi(ai+1) pz am+1)
1 b |tully, [tu
<3 |l + = e
o / [u@)”
|z

T 1 tp7,(051+1 H pz a1+1) b tpl(aerl H pz am+1)
Z J— botpz pz

— Di ‘ a; +1 oy + 1

dx.

!:vl7

Vi p > pr(ag, + 1), nén J(tu) — —oo khi t — +o0. Dat v = pyu véi
p1 > to > 0 di 16n, khi d6 J(v) < 0 véi ||v||,y, > to. []

Bo dé 3.1.9. Gid st f théa man dieu kién (f;,) va thé vi V théa man dieu
kien (V1). Khi dé ton tai mot hang so C,, > 0 sao cho py < ¢ < C,,, trong

do c la mic vugt nut cho ham nang luong J trén VW va py dugc cho trong

B6 déls.1.4

Chiing minh. V6i moi ¢ > 0, ton tai mot ham w € W\ {0} sao cho
[l p @y o) = < A,,+¢ei=1,...,T Chon
e =1, khi d6 ||w|jw, < |lwllyy < A, +1,i =1,...,T. Theo Dinh Iy Vuot
nii, ta thu duge

1 va

= inf J > 0
¢ = inf max.J(y (7:(t)) = po > 0,
trong do
Suy ra

¢ < max J(tw)
t>0

T
F(x,tu)
{30 M ) - /RN —|d}
T
< Di pz a1+1) pZ am+1)
fglgg{i; (bontw - [tw Tt o [t

()"

x|’

— min y; t#

<
nix dr < max g(t),

T t>0

[
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trong do

g(t) < h(?)
T 1 m b
_ i J i (0+1)
= ;Zl p—i bo(Ayy + )" + ;21: o + 1(Au7 +¢e)? = yt"

trong ham trén, ta thu dugce h(t) = at? — y1t#". Ta c6

W(t) = pat’™ —ypt~t =0

1
a \ #—p
= 1= <p—> .
K1
1

Khi d6 maxjcgq g(t) < h(8,,) = C.,, v6i 6,, = (,fﬁ)“ " < 1khivy >

ap

= Ve Hon nita ta cting c¢6

Cy, = h(0,,) = a(6,,)" = 1(0:,)" = a(6,,)" (1 = n(6,,)"")

_Db

Vé6it > 1, taco

g(t) < ha(t)

- Z bo (A + )"+ ) o jr 7 (A + g)piloat ) | gprlom+l) i,
j=1 7
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Tiép theo, ta tim diém cye tri clia h,(t) = atPr(@n+D) — 44 bing viec giai

phuong trinh

H(t) = pr(am, + Dat?m D= — gt
— tpT(Oém+1)—1 (pT(CYm + 1)& _ Mfyltﬂ—pT(am+1)> = 0.

1
N —pp(am~+1) ;. .2 . o o
Vay t = <W> reeT 1a diém cuc dai cua h,. Dat

571 —

<pT(am + 1)a> prlam T

200!

Chon 1 > % = Yex > Vs, ta co

1
—pp(am+1)
(pT(Oém + 1)&) w=pT S 1
K71
Vay

< —q—
max g(t) < h(1) =a - .

Chon 7, = a, khi d6 maxy>1 g(t) < 0 v6i moi y; > max {7V, Vix, Vass } = @
m+1
vil < p—T(a b
7 p

< 1. Tu do6 ta thu ducc

p

Cgoﬁza<ﬂ>u,ﬂ.<1_m>.
K71 H

Do d6 lim,, o0 05, = 0 va lim,, o A(6,,) = 0. Theo Bo dé[3.1.7, ta thay
rang ¢ > pyp. ]

Bo dé 3.1.10. Cho V théa man dieu kien (V1) va (Vo) hodc (V1) va (V3), va
f théa man diéu kien (f;)-(fi). Khi dé ham J théa man diéu kién Palais-
Smale vdi mic pg < c < C,,.

Chitng minh. Gia st {v,} 1a mot day (P.S). trong W. Khi d6 ta ¢6 J(v,) —
c va

lim sup [(J'(va). )] = 0.

_>
T el =1

Ta chiing minh theo hai buc. Dau tién, ta khang dinh réng {v,} la day bi

chin trong W va c6 thé trich ra mot day con néu can thiét, u, hoi tu manh
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trong W. That vay, theo dinh nghia ctia day (PS) ta c6

1
J(vn) — ; (J'(0n), vn) = ¢+ 0n(1) + 0a(1) [lvallyy , (3.9)
trong d6 p duge cho trong dieu kien (f;;). Khi do ta suy ra
1
J(vn) = = (J'(vn), vn)
i

F(x, vn d
= f e [ 2

(// 00(2) — (1)

Di dx)

PP Ki(x — y)dzdy —|—/ V() v, ()

=i(i M >—§ (lenl)

22<m () _iw )

|Un|N/S
- = dx.
/RN o

GiasuT > 2 (truféng hop T' = 1 dugce chitng minh tuong tv), do W, nhing
lien tuc vao LY/5(RY, 2|77, st dung (3.3)) ta c6

‘/Un‘N/Sd N/S
RN |x|’}/ N/S’}/H n||W17

tir do6 suy ra

Dbi

1 1 1 /11
J(vn) = = (J'(vn), vn) > (_ - ;) mo HUnH];vl + § : (pﬂ - ;) mo [[va
i=2 M7

u pb

—N/s

my mo N/ L 1 1
(-2 £ (-
(pg LA Il + 3 (5

(3.10)
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Theo dieu kién (fi;), ta c6 e EAN/S/V >0 va p > prf > pb,i =

2,...,T, két hop véi (3.10) va (3.9) ta thu duge

T

mo mo P —N/s) D ( 1 1) D;

— - — A Un =+ — T | Mo ||Un ,
(57— = A el 32 (55— ) ool
<c+on(1) +0,(1) |lvnlly - (3.11)

Theo (3.11)), ta suy ra {v,} la day bi chan trong W. Vi

1
J(v,) — = {J(vp), ) = ¢
!
khi n — oo nén
N/s & C 1
lim Sl)lp ”UnH / — mg mg A—N/s - mg : PA—N/S' (3'12)
e pG_T__ N/syy p9_7_ﬁ N/sny

V6i moi q > %, trich mot day con néu can thiét, ta cé thé gia si v, hoi tu
yéu dén v trong W, v, hoi tu manh dén v trong L{(RY, |2|™7) (theo B6 dé
3.1.9 va vy, (7) — v(2) hau khip noi trén RY.

V6i moi ¢ € W, ta ky hiéu pr 14 mot toan ti tuyén tinh trong W duoc
dinh nghia béi

— [ 1w - viw)

Theo bat ding thitc Holder, pr 14 ham tuyén tinh lién tuc tréen W va véi

P () = oY) (w() — w(y)) Ki(r—y)dady.

moi w € W, ta co

[Bi(w)] < [1l5y " wllyy -

St dung bat ding thitc Holder cho Il)qﬁ =1, trong d6 p' =

1a s6 mii

lien hop Holder cia p, ta thu dugc

A A TR g AL TP
RN RN

|z|” "7 PE
< / (P,s(ao |’Un|N/ - 3)>>p dx " / v, — U‘p.dx :
B RN m’y RN ‘$‘Py
(s o\
- ([, ot ) by 029
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Dit ¢ > p' > 1, & day dé thuan tién, ta chon ¢ = 2p’. Khi d6 ton tai mot
hang s6 C(¢) > 0 sao cho

n—s p, n—s
(@NS(aO\U\N/ >)) < C(c)D 5 (ca [V ), (3.14)

vai moi v € W. Theo va ta suy ra

p

s | (PN pe 1
e O ) B (O e

po 1 u N/syy

Khi d6 véi moi ¢ > 0, ton tai ng € N sao cho véi moi n > ng, ta co

p

=Gy > < pa) 1
Uy, al|l — 1—=—1]1.
el [ <ml n)| e _m_pg e

po N/syy
Chon
_ | (pa Ny _pa 1
C_ [CL(M’Vl) (1 ,u)] m_@_ﬁA—N/S’
o M N/sy
khi do
/s = .
i () 03 5o
mg _ Mo _ P ATLY/S
2001 K 0 m AN/SV
v6i moi n > ng. Theo [3.1.6, chon B, = %(1 _ %)7 suy ra

s/(N—s) N/(N—s
: Vo P

oy sup HunHW&N/é( Ny < o max { ki,

n>ng

<B=S0-D<all-1)  (316)

khi 71 > max{a, v} va 7o thdéa man bat dang thiic

max {k; ", Vofl}s/(N_s) coy

p

pa '\ v pa 1 Oy 8
2 la [ 1- = < X(1-21.
) [a<mo> < u)] m—m——AN/S _2( N)
b

Bay gio, ta chitng minh chi tiét vé viec udc lugng hang s6 vo. T |D ta
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co

p

pa \ »r pa 1
2 la|— 1—— ~
el T my _mg _ p g N/
2

< (seag 1 =)~ minfin Vol
Suy ra
= \ M= min{k, ~N/s
()™ G0 S G - )

Khi dé, ta c¢6 thé chon

. >£[< R _1>N§Smin{k1,v0}<m0_m0_£ —N/S)}T:y*
"= pa L\ 4pay N 2a (1—@) pd o N S
1

v6i ¢ = 2p’. Tiép theo, st dung Bat dang thiic Trudinger-Moser phan thi
v6i ky di (Dinh 1y [3.1.6)), ta dugc
/ Oy (cag o,V S>)dx

RN

N/(N-— -
(I)N,s(cao ||UTLHW/5(,N/S(?£N> (U/ ||UnHWs,N/s(RN))N/(N 3))
- P v dr < +00,
n>ng J RN |x|

(3.18)

v6i y1 > max{a,7;}. Tit didu kien (f;) va (3.18)), ton tai hing s6 Dy > 0

thoa man

[ W) = fe o) o,

]!

< b]-(an”Lp (RN |z| ) + HUHLP (RN |z|77) ) an o UHLP(RNJSC\_’Y)

+ D1 [Jvg — UHLP(RN,|3:|_7) -

Suy ra

lim (f(ﬂ?, Un) T f(iL’, U))(UH B U)

dx = 0. (3.19)
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Dé thay lim,, o (J'(v,) — J'(v), v, — v) = 0. Khi d6 ta co

on(1) = (J'(v,) — J' (v),v, — v)

T
— Z(M’ (||vn I;V) Bf]n(vn —v) — M; (|lv ];V) B! (u, —u))
+ Z / V(@) (o P20, — [o]P%0) (v, — v)da
_/ f(x,v,) — f(2,0)] (U”_U)dx
RN |z
= 3 (3 (o) = M (1ol3)] Bitw = v)

%) (Bl (va = v) = By, = v)))

_/‘U@wm—ﬂ%WH%—w

|

dx

Pi=2y) (v, — v)de.

Pi=2y — v

£ [VEn

Ta nhan thay B! (v, —v) — 0 khi n — oo, v6i moi s = 1,...,T. Theo bat
dang thic Simon va lap luan trong [70] ta suy ra v, — v manh trong W
khi n — oo. []

Dinh ly 3.1.11. Gid s V théa man dieu kién (V1) va (V) hodgc (V1) va
(V3), f théa man dieu kién (f;)-(fiw), va ham Kirchhoff M; (i = 1,...,T)
théa man (ms), (c1) va (c2). Khi dé, vdi moi vy > max{a,~}}, bai toan
c6 mot nghiém khong tam thuong, trong dé

T

1 by
a=> — [bo(Auy + 1P+ > —F— (A, + PtV ]
j=1

Py Di Oéj+1

*:pa[(& 10 )Ns_smin{kl,%}(v;z; _77;0 _Z J_V]/\;/i”v

To = 4p g N 9% (1_%>

1
! la s6 ma lien hop cia p.

vap =

p—1
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Chatng minh. Tt B6 dé [3.1.7,3.1.8, ton tai mot day {v,} € W sao cho

lim J(v,) =¢>0, va lim J'(v,) = 0 trong W*

n—oo n—oo

khi n — oo. Ap dung B6 dé [3.1.10, ton tai v € W sao cho J(v) = ¢ > 0,
J'(v) = 0 trong W*. Do dé v # 0 la nghiém yéu ctia bai toan (3.1)). O

3.2 Phuong trinh kiéu Kirchhoff-Schrodinger phan th@ nhiéu
pha trong RY véi do tang trén téi han

Ta nghién ctu sy ton tai nghiem ciia (3.1) khi v = 0 va f(x,t) =

h(t)e®" (t € R), trong d6 By > 0 va 7 > . Cu thé, trong muc

— 5
nay ta ching minh sy ton tai nghiém yéu ctia phuong trinh

ZM //R2N ) — u(y)

X (ﬁpiu(x) + V(x)

PP (e — )d:pdy—l—/ V(z) |u(z )“d:p)

2u) = h(t)e®" (3.20)

Ta gid st h 1a ham lién tuc théa man céc dieu kién sau:

h(t
LGN
(hg) Ton tai p > maX{QpT, (am+ 1)pr} sao cho 0 < pwH(t) < h(t)t véi moi

(h1) h(t) =0 v6i moi t € (—o0,0] va limy_,g+r ——

t € (0,00), trong d6 H (¢ f h(7)dr va 6 dugc cho trong diéu kien (ms).

(h3) Ton tai 0 € (0
moi t € [0, 00).
(hy) Ton tai mot hang s6 vy > 0 di 16n sao cho H(t) > ~1|t|* v6i moi ¢t > 0.

N
7N—) va v > 0,C > 0sao cho 0 < h(t) < Cell véi
— S

Bay gio, ching toi dua ra mot vi du vé ham A théa man cac diéu kién

(h1) — (hyg) nhu sau

ittt teP i ¢ > 0
0 ift <0

h(t) =

N
trong d6 a duge chon sao cho 0 < a < 4, § € (0, N—), B > 0 la mot
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hang s6 nho va u 1a hang s6 tu dieu kien (hy). Vi > 0pr > pr, nén

h(t) o
_ im thPT Bty _
0+ tpr—1 %’utliwt e =0

Do d6 h théa man diéu kien (h;). Hién nhién, ZZ@ = v’ 13 mot ham
tang tren [0, 00). V6i bat ky 7 € (0,4, ta c6 20 < MO v khi d6 h(r) <
3}—27“_1. Bay gio, chung ta tich phan ca hai vé cia bat dang thic tit 0 dén
t theo bién 7 dé ducc

t t h t
/ h(T)dT §/ (—27'”_1617'.
0 o tH

Vi vay, ta thu dugce

Nhu vay, ta co

va h thda man dieu kien (hs). Tiép theo, ta chiing minh rang A thoa man

diéu kien (h3). Dau tién, ta chi ra rang
thLeft < Cew, v >0,

trong d6 C' > 0 1a mot hang s6 phit hop. Ky hiéu
~1_Bt"
fu(t) = e” S plef ot 1B
et

v6i E(t) = ft* — yt°. Ta thay

Y

lim E(t) = lim # (ﬁta*‘; — ) = —o0,

t—+00 t——+00

. B
tliglo f(t) = tliglo e —Btx 0

Luu y rang f, 1a mot ham s6 lien tuc tren [0, 00), fo(0) = 0 valimy o fu(t) =

0, stt dung dinh ly vé gi& tri cyc tri, f, phéi bi chan trén khoang [0, 00). Do

do6, ton tai mot gia tri cuc dai M sao cho
LOSM = e < M véimoit € 0, 00).
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Dt C := ypuM, khi d6 h(t) < Ce™’, t € [0,00) va diéu kien (hg) duuoc

thoa man. Cudi cuing, h thoa man diéu kien (hy) vi

t ¢
/h ydr > ’ylu/T“_ldT =yttt € ]0,00).
0 0

Thic day bdi két qua trong [5, 67], v6i mdi R > 1, ta xét ham sau

0, t<0
frt) =< h(t)e", 0<t<R. (3.21)
h(t)ePo B0 ¢ > R

Khi d6 tit cac dicu kien (hy), (h3), va (3.21)), véi moi ¢ > 0, ton tai hing s6
Ci(R,¢) > 0,i=1,2,3 sao cho

0 < fa(t) < (P + Ci(R, ¢)e T HARTI’

< [Pt + Co(R, €)eolN
< [P 4 Co(R, Q) [T Py (gt (3.22)

véi moi t € R va ¢ > 1, trong dé g € (0, i) duge cho trong diéu kien (f;).
Bing lap luan tuong tu nhu [5, Bo dé 3.1], ta co
t
O<MﬂﬁkSM@av&mmtEMmLPﬂﬂ:/ﬁmﬂr (3.23)
0
Theo diéu kien (h4), dé thay rang
¢

t
m@:/mmmz/mmh:mw>ﬂw (3.24)
0
voi moi t € [0, +00). T (hy), (hy), - - va , ta suy ra fg
thoa man cac dieu kien (f;), (fi;) voi p = 0, (fii) va (fw) Khiy =0, a
dugde thay thé bdi a* nhu sau

T m
1
E il E i(aj+1)
UO + + Odj + 1 ,UO + 1)p

i=1 Pi j=1
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Trong héng sb 7, ta dat p = 0,y = 0, khi d6 ~ dugc thay thé béi

©w

o pa* a, \'5 min{k, Vol /rmo  mo\15"
=" () sGa -0
H P o 2a* (1_1%) p H

Dinh nghia 3.2.1. Ham u € W dudc goi 1a nghiém yéu ctia phuong trinh
(3.20) néu v6i moi ham thit ¢ € W, ta co6

T
> Mi(|lu
i=1

trong do, f(z,u) = h(u(z))ef @I,

) Aue) = [ e

Do ham phi tuyén trong phuong trinh c6 do ting mi trén gidi
han nén phép nhing khong con compact va khong c6 Bat ding thic kicu
Trudinger-Moser cho truong hop trén téi han. Tw d6 viéc ap dung phuong
phap bién phan dé chiing minh nghiém yéu clia bai toan tré nén khé khin.
Dé khic phuc diéu do, chiing t6i gidi thieu ham cai bién nham dua bai toan

ve truong hop t6i han. Khi dé, ta c6 thé xét bai toan cai bién nhu sau

iMi( J[ ) = utw

x (L) + V(@) [ul" ) = fr(u). (3.25)

Vi h(t) = 0 v6i moi t € (—o0,0], khi d6 tat ca cac nghiem (3.20) va (3.25)
13 khong am. Nghiém yéu ctia (3.25) duge hiéu nhu trong Dinh nghia
khi thay f(x,u) béi fr(u). Bang lap luan tuong tuy Dinh 1y [3.1.11} ta suy

ra:

PP Ki(x — y)dxdy + /RN V() [u(z)[” dx)

Dinh ly 3.2.2. Gid st 'V théa man dieu kien (V1) va (Va) hodc (V1) wa
(V3), h théa man dieu kién (hy) — (hy) va ham Kirchhoff M; (i =1,...,T)
théa man (mg), (c1) va (c3). Khi dé ton tai v* = max{a*,7*} > 0 sao cho
bar toan c6 mot nghiém khong am khong tam thuong trong W vdi moi
M2

Cé dinh g9 > 0 v g gan 0. Ky hieu

N—s

" ’ ] p=p
o pa’* <(m> min{k, Vo}) ;
o * __ pa* .
H a*(1 7 )



Bay gio, ta udc luong L™ cho nghiém ciia phuong trinh (3.25) duge cho
trong Dinh 1y nhu sau:

Bo dé 3.2.3. Ta gid st dieu kien (V1) va (hy) — (hg) duge théa man. Khi

dé vét moi T > , ton tai Bu(T) > 0 va v > 0 sao cho vdi moi

*Kokxk

Bo € (0, Bux(T)) va v1 > 7™ = max{a*, 5™}, moi nghiém khong am khong

tam thuong u cia phuong trinh (3.25) phdi théa man |u|p~gyy < C, trong
dé C, > 0 la hdng so thich hop.

Chitng minh. Ta xét ham nang lugng lien quan dén bai toan (3.25)):

‘1
=S L Mi(uly) _/ Fr(u)da.
i—1 Pi RN

Trong b6 dé nay, nghiém u thu duge tit Dinh 1y [3.2.20 Hon nita, theo Dinh
1§ Vuot nti, nghiem yéu v € W \ {0} thoa man

Ir(u) = c= inf max Ir(7:(t)) > 0,

trong do
I'= {7 € C([0,1], W) : 7.(0) = 0, Ir(7:(1)) < 0},

va I5(u) = 0 trong W*. Theo diéu kien (hy) va lap luan tuong tu Bo dé
3.1.9| ta suy ra ¢ thoa méan bat ding thic sau

P

0<C<C’%—a(pa) (1_@) (3.26)
K71 H
v6i 41 di 16n. Hon nita ta c6 < Ip(u),u >= 0. Khi d6
c=Ig(u) =Ip(u) —— <1 u,u>2<———>
(u) ()u r(u) P ulH|

Lap luan tuong tu (3.15), khi 7 > a*, ta thu dugc

P

a* (pa ) <1 _ > — (327
2801 H T

Ky hiéu 9, = min{V{, k1 }. Chon 7 di 16n sao cho

N C
p9 Iz

(Vo T}

, (3.28)
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oM . )
trong d6 0 < B, = 5 < vy va ¢ > 113 hang s6 thich hop. Vay

S s/(N—s) B) 0}
caoHuH%/gfy/ () )S caomax{k Vo 1}/ |u HN/N < B

khi 1 > max{a*, v} v 7o thda man bat dang thic

cay. max { ki, Vo_l}s/(N_s)

X ([a* <zc;>;>f—fﬂ (1 _pZ*>] <% i %>>N _ %. -

Ap dung Dinh 1y [3.1.6/ cho v = 0, ta suy ra

/ By o(cao [u V) de
RN
/ Do [l () el o))V A ) dr < oo, (3.30)

Tir (3.29), ta c6
pa* = pa* 1 a, \ 5
G2 ) (52 2) = )

wWs N/s(RN

K70 M o0 1
Diéu nay kéo theo ([3.30) théa man néu
Q N-—s
. ) 7 min{k, Vo 5"
Y > pa (2CO¢0> { 1 O} . (331)
T a*(1-25)

V6i moi L > 0 va ¢ > 1, ta ky hiéu
Y(u) = yrc(u) = uui@*l) € W, up = min{u, L}.

It\p

t
Al = /

0
Khi d6 theo két qua trong [4, Bo dé 6.1], ta c6

P (u(z)) = T(u(y))

< Ju(z) — uly) P (u(z) — uly))(wdh ) (@) — (i )(y).  (3.32)
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Vay néu chon y(u) = uui(c_l) nhut mot ham thit trong (3.25)), ta thu dugc

/Wu P Hule) — uy) () — i),
& —y

L) [ V@l

RN

pL

+ Z M;( || i~ 2u2up(< Yy = /fR(u)uuﬁ(C_l)d:c. (3.33)
i=1
1 N
Chon B, = =i khi d6 theo dieu kien (hy) va (hs), véi moi Gy € (0, i)
va t > 1, ton tai Cy > C; > C khong thu thudc vao R sao cho

_N_
| Fr(t)] < CeM’elR0M0 < Ot DI < oy goolt ¥

S C2(I)N,s(a0‘t‘%) S C2|t|p71q)N’S(Oéo‘t|%).
fr(t )

Dé thay lim;_,g —= = = 0, khi d6 v6i moi €, > 0, ton tai C(e,) > 0 khong

phu thudc vao R sao cho

|[fr(®)]

mo

< et 4+ Cle) [t @ (aot| /)

v6i moi ¢ € R. Lap luan tuong ty [4, Bo dé 6.1], ta c6
o —1 1
/rwm—u@w%%ww—uw»mmﬁ'hu> (w ) (y))
& — y[2N
R2N

v6imoii = 2,...,T néuT > 2. Tt bat déng thiic tren va (3.32), (3.33), ta

suy ra

dzdy > 0

v - J—
[F(u)]fg,er/ ngi)|vn|puzz(< Dz < fif(b?uu]z« D g
RN RN

1
Vi I'(u) > Zuu%”’ wu$ ' > T(u) va phép nhing lien tue WHV/5(RYN) —

\ N 5
LN (RY) (N* > —) nén ton tai S, > 0 sao cho
S

1

p -
>S*HF(U)HLN N) Z Cp

-1
HF( )HVOm_l Wsp(RN) S*HUU% HZEN*(RN)a (334)
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trong d6 v6i moi n > 0, ta ky hiéu

[l sy = (el gy + (]t ) V2.

Vay ton tai hing s6 t6i uu

o= int Mg N
RO ue s Vs (RY) lullpv@yy 7 7 s

N
do phép nhing lien tuc WN*(RY) — L*(RY) (v > —). Do dé
S

[ullze @y < S, Hlullym:t sy vOi moi u € WHP(RY). (3.35)

Ta co

(LA

<e / P de + C(e,) / By o (o N VN [P

RN RN
<5*Cp/|F |pda:—|—C(6*)/<I>N5(oz0|u|N/N s)]uuc "Pda
RN

< &S, PIIT(w)]fy

s 1
Voms! Wsp]RN)+O<8*)/®N’S(QO‘U‘N/N Nuug ™ Pd.

RN
(3.36)
Z 2 1 N
Chon 0 < e, < (PS8}, ap dung bat dang thitic Holder véi g := + €0 >> —
) S

sao cho N** = gp < N*, ¢ = 1 + €, ¢’ rat gan véi 1 khi g9 — 0 sao cho

1 1
— + — =1, khi do (3.36)) kéo theo
q9 4
1 _ _
55;(1 — 2078, ) |un ] e oy
< C(es) /(@st(a0]u|N/(N_8)))q/d:z: /\uu%_l|qu:c . (3.37)

N

Trong (3.31)), ta chon ¢ = 2¢' > ¢’ > 1 va stt dung bat ding thic (3.30)), khi
d6 ton tai D, 1 > 0 sao cho
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[@satanful e | < ([ oo Nar | <D,

N N
(3.38)
v61 mol
« N—s
———— ) 7 min{k;, VpI\ B4
KKk pCL* <4(1 + 60)0&0) { ! O}
p a*(l — =)
Két hop (3.37) va (3.38)), ton tai mot hing s6 D, > 0 sao cho
~1 -1
Huu% Hizv*(RN) < D*CPHUUE H];/IP(]RN)'
Cho L — +oo trong bat dang thtc trén, ta thu dudc
[|uf|pa=c < DECCZHUHLN**C(RN)' (3.39)

*

Chon ¢ =
on C N **
¢ béi (2. Vay

> 1, ta c6 (2N* = (N* va (3.39) vAn théa man khi ta thay

s 2
[l pvec < DEECE | peec2 gy

4 2
= DI C&Jul | vy

1i4%) 1,2
< DI TE ]| e ) (3.40)

Véi moi s6 nguyen duong m, bang lap luan tuong tu (3.40) dén lan thit m,
ta thu ducc

Yl oG i
HUHLN*Cm S D* J 1p<]CZj:1jC HUHLN**C(RN) (341)

Lay gi6i han trong (3.41)) khi m — oo, ta c6 ||u||p~my) < C, trong d6

L oo e
C* — D*X:j*1 p¢J CZj=1JC jHuHLN**C(RN) < —I—OO

[]

Néu ta chon R = max{C,, 1} trong (3.21) thi fr(u) = f(u) theo dinh
nghia ctia fp. Khi d6 nghiem v thu dugc tit Dinh Iy chinh 1a nghiem
ctia phuong trinh (3.20) va ta c6 két qua sau:
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Dinh 1y 3.2.4. Gid st V théa man cdic dieu kien (Vi) va (Va) hodc (V1)
va (V3), h théa man cic dieu kién (hy) — (hy) va ham Kirchhoff M; (i

1,...,T) théa man (m3), (c1) va (c). Vdi moiT > , ton tai Bu(T) =
— s

= > 0 va v = max{a*,7{*,7*} > 0 sao cho bai toin (3.2() co
nghiém khong tam thuong uw € W vdi moi v1 > 7™ va Sy € (0, Bux(T)).
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Két luan Chuong 3

Trong chuong nay, chiing toi nghién citu sy ton tai nghiém ctia bai toan
kiéu Kirchhoff phan tht nhiéu pha ma ham phi tuyén c6 do tang mil téi
han va trén t6i han. Két qua dau tien 1a Dinh 1y [.1.11] Phuong trinh ciia
chiing t6i duge nghién cttu lan dau tien, do do6 céc két qua 1a méi. Cu thé két
qua nay 1a md rong két qua trong [70] cho bai toan kiéu Kirchhoff phan thit
chita nhiéu pha. Khé khan gip phai 1a cé sy xuat hién ctia ham Kirchhoff
M; (i = 1,...,T), chiung t6i can diéu chinh tinh toan trong [70] cho phu
hop véi phuong trinh méi. Duya vao gia thiét ctia thé vi V, ta c6 phép nhing
compact tit khong gian nghiem W vao LY{(RY | |z|7) véi moi ¢ > - Tu
d6 ta ching minh dugce tinh compact ctia day (P.S) va gi6éi han yéu ciia n6
14 nghiém ctia bai toan da cho. Trong truong hop ham phi tuyén cé do tang
trén t6i han, ching t6i thu duge Dinh 1y . Vi chua c6 bat dang thrc
Trudinger trong khong gian Sobolev phan thi cho truong hgp trén téi han.
Do d6 chiing t6i giéi thidu ham cai bién méi, dé dua bai toan vé truong hgp
téi han. Tiép theo, ching toi thiét 1lap wdc luong L™ cho nghiém va chiing
minh nghiém ctia bai toan cai tién véi ham cai bién dé xuat 13 nghiém
clia bai toan . Cac két qua ctia chuong nay dude cong bod trong cong
trinh [75]. Theo hiéu biét clia chiing toi, hién chua c6 bat k¥ két qua nao
cho sy ton tai nghiém yéu ctia phuong trinh p-Laplacian phan tht véi do
tang mil trén t6i han. Do d6, két qua clia ching t6i gép phan bo sung, lam
phong pht thém van dé ton tai nghiém cho phuong trinh phan thi nhiéu

pha véi do ting mil kiéu Trudinger-Moser.
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Két luan chung

Trong luan an nay, ching toi nghién citu sit ton tai va co dic nghiém cia
mot s6 16p phuong trinh elliptic chita toan tit p-Laplace phan thi. Cu thé
chiing xét bai toan phan thi nhiéu pha.

Cac két qua chinh ctia luan an bao gom:

1. Két qua chinh ctia Chuong 1 1a cdc Dinh 1y va Dinh 1y vé su
ton tai nghiém yéu ctia phuong trinh phan thi nhiéu pha chia dai luong
phi tuyén Choquard. Ham phi tuyén c6 do tang dudi t6i han va do tang tdi
han mi kiéu Trudinger-Moser.

2. Két qua chinh ctia Chuong 2 13 cac Dinh ly va Dinh 1y ve su
ton tai nghiém, co diac nghiém va gidi han cia day nghiém cho bai toan
khong 6-to-nom ((2.1)).

3. Két qua chinh ctia Chuong 3 13 hai Dinh 1y[3.1.11] va[3.2.4] Dinh 1y
néi ve sy ton tai nghiem ctia phuong trinh kiéu Kirchhoff phan thit nhiéu
pha véi ky di khi ham phi tuyén c6 do ting mi kieu Trudinger-Moser.
Két qua tiép theo, ching toi nghién citu sy ton tai nghiém yéu clia phuong
trinh khi ham phi tuyén c6 do tang trén t6i han mi.

Chung t6i dé xuit mot sé6 huéng nghién citu tiép theo:

1. Chitng minh s ton tai nghiém ciia khi A nho.

2. Nghién citu sy ton tai nghiém ctia hé phuong trinh phan thid nhiéu pha.

va
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Phu luc

Ky hiéu Y nghia Nguon /Mo ta

CL(X,Y) Khong gian céc ham lién tuc,
kha vi bac 1t X vao Y

C5e(RY) Khong gian cac ham kha vi
vo han c6 gia compact trong
RY

Br(y) Hinh cau tam y ban kinh R

LP(92) Khong gian cac ham f do | Dinh nghia|l1.1.1
dugc trén €

(] yrsp @y Ntta chuan Gagliardo Dinh nghia [1.1.2

Wer(RY) Khong gian Sobolev phan | Dinh nghia|1.1.2
thu

||| o0 () Chuan ctia khong gian | Dinh nghia|1.1.2
Sobolev phan thu

WePi(RN)i € | Khong gian Sobolev phan | Diing cho bai toan (1.18)) va

1,...,m} | tha 1.36

|wllyweorigyy | Chuan  ctia  khong  gian | Trang 19
Weri(RN)

W Giao cta cac khong gian | Trang 19
Sobolev phan thit W*?i(RY)

Pk S6 mil t6i han pt= N]\iis

A, - Hing s6 t6i uu cho bat dang | Xem trong (1.1)
thitc nhing

(=A); u(z) Toén tit p;-Laplace phan thit | Dinh nghia 1.1.3
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Ky hiéu Y nghia Ngudn/Mo ta
Sy Hiéng s6 t6i uu B6 de(1.1.13
W{j? (RY), Khong gian Sobolev phan | Dung cho bai toan (2.1
1=1,...,m | thu
||'UHW‘S/:§1’ (RM) Chuan ctia khong gian | Trang 46
W (R
We Giao cua cac khong gian | Trang 46
W (R
|v]w, Chuan cta khong gian W, | Y0, [0l wezs @y
S Hang s6 t6i uu cho phép | Xem trong (2.2)
nhing
N¢ Da tap Nehari lien két véi | Trang 52
bai toan (2.1
Loo(x) Toan tt p-Laplace phan thit | L3¢(x) = 2 lim, 0+
Jammo (lo(@) = o)
(o(x) = (W) K (x = 1)) dy
L5 () Toan tt p;-Laplace phan thi
Wi (RM), Khong gian Sobolev phan | Dung cho bai toan (3.1) va
i=1,...,T |tht 3.20
v ‘WKP @®v) | Chuan ctia  khong gian | Trang 85
Wi @)
Wi, Bao dong ctia C5°(RY) Trang 85
i=1,....T
V] |w, Chuan ctia khong gian W; | Trang 85
w Giao cua cac khong gian W,
S, Hing s6 t6i uu cho phép | Xem trong (3.2)
nhing tit W vao LY (RY)
LY(RY, |z|~") | Khong gian cac lam do dugc | Chuan: ||ul|pegy oy =

c6 trong sO trong RN

(Je lu(@)|?]z] dil?)% < 00.
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Ky hiéu Y nghia Ngudn/Mo ta
A, Hing s6 t6i uwu cho | Xem trong (3.3)
phép nhing tu W; vao
(R, o)
A, Hing s6 t6i wuu cho | Xem trong (3.4)

phép nhing tu W

LY (RY, || ™)

vao
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