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L1 cam doan

T6i xin cam doan day la cong trinh nghién cttu ciia t6i dudi sy huéng
dan ciia TS. Vit Hoai An va TS. Lé Quang Ninh. Cac két qua viét chung
v6i tac gid khac da duge su nhat tri ctia dong tac gid khi dua vao luan
an. Cac két qua clia luan an 14 mdi va chua ting dugce cong bo trong bat

ky cong trinh khoa hoc cua ai khac.

Thair Nguyén, thang ...nam 2026

Tac gia

Nguyén Duy Phuong



LG1 cam on

Luan 4n nay dugc hoan thanh dudi sy huéng dan khoa hoc tan tinh
cua TS. Vii Hoai An va TS. Lé Quang Ninh. Tac gia xin bay to long
biét on sau sac dén hai thay, nhitng nguoi da luon danh thoi gian chi
bao, dinh huéng chuyén mon va dong vién tac gia trong sudt qua trinh
nghién cttu.

Tac gia xin tran trong cAm on Ban Giam doc, Ban Dao tao va Quan
17 ngusi hoc Dai hoc Thai Nguyén; Ban Giam hiéu, Phong Dao tao, Ban
Lanh dao Khoa Toan ciing toan thé cac thay co gido, dic biét 1a cac thay
co trong B6 mon Giai tich va Toan tng dung, Truong Dai hoc Su pham
- Dai hoc Thai Nguyeén da gidng day va tao moi diéu kién thuan lgi nhat
cho tac gia trong suét khoéa hoc.

Xin chan thanh cam on cac thay co va cac ban dong nghiép trong
nhém Seminar ciia Bo mon Giai tich va Toan tng dung da luén tham
gia trao doi, dong gép v kién va gitp dé tac gid trong qué trinh nghien
ctu hoan thanh luan an.

Tac gia cling xin gii 10i cAm on chan thanh dén Ban Giam déc Trung
tam Gido duc qudc phong vad an ninh Dai hoc Thai Nguyén cling cac
dong nghiép da luon quan tam, chia sé va tao dicu kién tét nhat vé cong
viéc dé tac gia yen tam hoc tap.

Xin tran trong cadm on cac nha khoa hoc trong Hoi dong bao vé luan
an cap co s6 da danh thoi gian doc, nhan xét va dua ra nhiing y kién
dong gop quy bau gitp luan an duge hoan thién va chin chu hon.

Cudi cuing, tac gia xin gii 161 tri an t6i gia dinh, nguoi than va ban
be - nhitng nguoi da luon dong hanh, chia sé khé khian va 1a chd dua

tinh than vitng chic dé tac gia co thé dat dudc két qua ngay hom nay.
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DANH MUC CAC QUY UGC VA KI
HIEU

Trong toan bo luan an, chung to6i thong nhat st dung cac ki hiéu sau:

C: m#t phang phiic (1-chiéu).

M(C): khong gian cac ham phan hinh trén C.

S: 16p Selberg (16p cac L-ham).

T(r, f): ham dac trung Nevanlinna ctia ham f.

m(r, f): ham xap xi ctia ham f.

N(r, f): ham dém (c6 tinh boi) cac cyc diém ctia ham f.

N(r, f): ham dém rat gon (khong tinh boi) cac cue diém clia ham

e

S(r, f): dai lugng sai s6 trong 1y thuyét phan bo gia tri Nevanlinna.

O(a, f): chi s6 ré nhanh (do khiém khuyét rit gon) clia gia tri a
d6i v6i ham f.

E(S): tap cac nghiém cta phuong trinh f(z) € S (c6 tinh boi).

E;(S): tap cac nghiém ctia phuong trinh f(2) € S (khong tinh
boi).

CM (Counting Multiplicities): ké c& boi (c6 tinh boi).
IM (Ignoring Multiplicities): khong tinh boi (bé qua boi).
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Chia sé 1 CM (hosic IM): hai ham chia sé gia tri 1 ké ca boi (hoac
khong tinh boi).

Chia s¢ S CM (hodac IM): hai ham chia sé tap S ké ca bai (hoac
khong tinh boi).

O(1): dai lugng bi chan khi r — +oo0.

O(r): dai lugng vo cuing I6n cing bac v6i r khi r — +00.



Mé& dau

1. Lich s nghién cidu va 1y do chon dé tai

Vao nhiing nam 20 cta thé ky XX, ké thita tu tudng vé sy ton tai
nghiém ctia Dinh 1y co ban ctia Dai s6 déi véi cac da thic trén truong
sO phtic, nha toan hoc Phan Lan R. Nevanlinna da xay dung nén mot
trong nhiing 1y thuyét sau sic va c6 anh hudng rong 16n cia Giai tich
phiic, d6 1a Ly thuyét phan bd gia tri clia cac ham phan hinh trén C,
ngay nay dudc biét dén rong rai véi tén goi Ly thuyét Nevanlinna. Ly
thuyét phan b gia tri danh dau mot buéc phét trién mang tinh dot
pha trong giai tich phtc khi chuyén huéng tit viec nghién ctu su ton tai
nghiém ctia da thiic sang khao sat sy phan bd gi tri clia cAc ham phan
hinh. Hat nhan cta 1y thuyét nay nim & hai dinh 1y co ban. Cu thé,
Dinh 1§ co ban tht nhat déng vai tro ké thita va md rong sau sic Dinh
1y co ban ctia Dai s6 nhim mo ta syt phan bo déu gia tri ciia ham phan
hinh khac hing trén mit phang phiic C. Tiép ndéi nén tang do, Dinh Iy
co ban thit hai mo ta anh hudng ciia dao ham déi véi qué trinh phan bo
gi4 tri nay. Trong qua trinh phat trién, Ly thuyét Nevanlinna da thu hat
sy quan tam va dong gop ciia nhiéu nha toan hoc nhu H. Cartan [10] da
maé rong 1y thuyét cho to hop tuyén tinh va cac duong cong chinh hinh
tréen khong gian xa anh, tao nén tang hinh hoc cho cac nghién ctu ciia
H. Weyl [62], L. Ahlfors [1] va P. Griffiths [9, 19], ...va ¢6 nhiéu ting
dung trong cic linh viic khac nhau ctia Toan hoc. Déng gép dau tién
cia toan hoc Viet Nam cho linh vic nay phai ké dén cong trinh cia L.
V. Thiém [37] vé bai toan ngugc ctia 1y thuyét phan bo gia tri, ong da

chitng minh sy ton tai cia ham phan hinh véi cac chi s6 ré nhanh cho



trude thong qua 1y thuyét mit Riemann.

Mot trong nhitng ting dung ctia 1y thuyét Nevanlinna 1a bai toan xéc
dinh duy nhat déi v6i ham phan hinh, nhdm tim kiém cic diéu kien
dé hai ham phan hinh dong nhat hoiic ¢6 lien hé tuyén tinh. Két qua
khdi dau cho 1y thuyét nay 14 Dinh 1y 5 diém ctia R. Nevanlinna (1926),
khang dinh mot ham phan hinh duge xéc dinh duy nhat thong qua anh
ngudc ctia nam gia tri phan biét.

Dé thiét lap cong cu khao sat bai toan xac dinh duy nhat, cac nha
toan hoc da xay dung mot bo khung ky hiéu chuan héa nham mo ta sy
tring khép anh ngudc ctia hai ham phan hinh. Cu thé, cac cong cu nay
duogc thiét lap nhu sau:

Cho f 1a ham phan hinh khac hing trén C va a € CU {0}, ky higu
E(a) (tuong ting Et(a)) 1a tap cac a-diém ctia f trong d6 méi a-diém
dugc tinh v6i boi cia n6 (tuong ting 1 tap cac a-diém phan biét ciia f).
Ta ky hiéu

Er(S) =] Es(a); Ex(S) =] Ef(a).

acs acs

Hai ham phan hinh f, g dudc goi la chia sé gia tri a ké ca boi (khong ké
boi) néu Es(a) = E,(a) (tuong tng Et(a) = E,(a)). Hai hAm phan hinh
f, g dugc goi la chia sé tap S ké ca boi (khong ké boi) néu E;(S) = E,(S)
(tuong tng E;(S) = E,(S)).

T két qua clia Nevanlinna, bai toan dugc phat trién theo huéng
chia sé tap hop. F. Gross [20] nghién cttu ciu tric anh nguge clia cic
tap hop va dé xuat khai niém tap xac dinh duy nhat. Cac két qua theo
hudng nghien cttu nay duge C.-C. Yang va H.-X. Yi [67] hé thong hoa
thanh cac tiéu chuan dong nhat co ban cho ham phan hinh thong qua
bai toan xac dinh duy nhat ddi véi tap xac dinh duy nhat va tap song
xac dinh duy nhat. Nhim gidm thiéu s6 lugng phan ti cia cac tap chia
sé, I. Lahiri [35] dua ra phuong phap chia sé trong s6, sau dé dugc A,
Banerjee [6] va nhiéu tac gia tiép tuc phat trién.

Dong thoi, bai toan xac dinh duy nhat ciing duge md rong cho céc

khong gian va ddi tuong cau tric khac. Trén truong s6 p-adic, nén tang
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ctia Iy thuyét Nevanlinna duge thiét 1ap béi H. H. Khoai [27], tir d6 bai
toan chia sé gia tri duge ong va A. Escassut [12] phét trien. Ddi véi
khong gian nhiéu bién, 1y thuyét duge H. Fujimoto [16] va M. Ru [56]
maé rong cho cac duong cong chinh hinh va anh xa phan hinh.

Déng gép vao su phét trien chung ctia bai toan xac dinh duy nhét,
cidc nha toan hoc Viet Nam da dat dugc nhicu két qua ddi véi céc 16p
d6i tugng khac nhau. Tiéu biéu c6 thé ké dén cac nghién ctu ctia D. D.
Thai - S. D. Quang [61] ddi v6i anh xa phan hinh nhiéu bién véi dieu
kién boi bi chin, T. T. Tan [11] vé bai toan chia s¢ muc tieu di dong,
T. T. H. An [2] vé sy xac dinh duy nhat ctia cac da thiic vi phan chia
sé ham nho, H. T. Phuong [54] d6i véi 1y thuyét Nevanlinna va bai toan
xac dinh duy nhat cho cac duong cong chinh hinh trén hinh vanh khuyeén
chia sé cac siéu mat. Nhitng nghién citu nay cting véi cac cong trinh cua
cac tac gia khac da dong gép vao su phat trién ciia 1y thuyét trong nude.

Nam 1926, R. Nevanlinna (xem [51]) d& ching minh néu hai ham
phan hinh chia sé nam gia tri phan biét khong ké boi thi dong nhat
bang nhau. Két qua nay cho thay hai ham phan hinh duge xac dinh duy
nhat thong qua anh nguge khong ké boi clia nam diém phan biet. Ké tu
do6, huéng nghién cttu nay da thu hat duge nhiéu tac gid trong va ngoai
nudce, tiéu bieu nhu cac nghién citu ctia G. Gundersen [22, 23] vé tinh
bdi ctia céc gia tri chia sé, hay E. Mues [50, 49] md rong bai toén sang
viéc chia sé gia tri lien quan dén dao ham, ...

Nam 1977, F. Gross [21] da phat trién van dé duy nhat theo hudng
méi. Thay vi xét anh ngugc clia cac diém riéng ré, ong dé xuat ¥ tudng
xem xét anh ngude ciia mot tap hop diém S thuoc C U {oo}. Ong dit
ra hai van dé nghién citu cho ham phan hinh:

(i) Tim cdc tap zdc dinh duy nhat cho cac ham phan hinh, tic la tim
cac tap S C CU{oo} sao cho hai ham phan hinh chia sé tap S ké cd boi
hodc khong ké boi thi dong nhat bang nhau;

(ii) Tim cdc tdp song zdc dinh duy nhat cho cdac ham phan hinh, tic
la tim cdc cdp tap hop Sy, Sy C CU{oo} sao cho hai ham phan hinh chia
sé tap Sy va Ss ké cd boi hodc khong ké boi thi dong nhat bang nhau.
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H.-X. Yi (xem [69, 67]) 1a nguoi dau tien dua ra cau tra 16i cho Van
dé Gross. T do, theo huéng nghién ciu nay, cac két qua dat ducce 1a
rat phong phu va sau sic (xem [16, 17, 38, 14, 28, 31, 30, 6, 41, 57, 2,
55, 59, 66]).

C6 thé chia cac cong trinh nghién ctu nay thanh hai cha dé co ban:

1. Tim cac tap xac dinh duy nhat, song xac dinh duy nhat cho ham
phan hinh hay cic 16p ham dac biét ciia ham phan hinh vé6i s6 phan tit
it nhat c6 thé vdi cac dieu kién cac ham hay céc da thic vi phan cla
cidc ham chia sé mot hay nhiéu phan ti, tap hop;

2. Thiét lap dic trung ctia tap duy nhat, song xac dinh duy nhat.

Song song véi cac chit dé trén, viec md rong bai toan sang 16p cac
L-ham dang tré thanh huéng nghién ctiu chuyén sau. J. Steuding [60] da
thiét 1ap nén tang 1y thuyét phan bo gia tri cho 16p Selberg md rong, tao
tién dé cho cac dinh 1y xac dinh duy nhat ctia B. Q. Li [45, 46]. Viec van
dung cac k¥ thuat vé da thic vi phan, anh xa nhiéu bién va dieu kien
chia sé tap hop — nhiing linh virc ma cac nha toan hoc Viét Nam da dong
g6p quan trong néu trén — vao doi tugng L-ham dang mang lai nhieu két
qud kha quan. Céac k§ thuat nay dong vai tro 1a cong cu then chét, cho
phép md rong cac dinh 1y xac dinh duy nhat sang diéu kién chia sé tap
hop va muc tiéu di dong, khang dinh gia tri cong cu ctia phuong phap
giai tich phitc trong viéc kham pha cau tric L-ham, dong thoi thiét 1ap
co sd Iy thuyét vitng chic cho cac két qua nghién ctu trong luan an nay.

Trong luan an nay ching toi sé tap trung nghién citu theo chu deé thia

nhat cho cdc ham phan hinh hay L-ham. Theo huéng nghién citu cia
cht dé nay, déi véi muc tiéu tim cac tap xac dinh duy nhat, nam 2018,
Q.-Q. Yuan, X.-M. Li va H.-X. Yi [70] d& chi ra mot dang tap xéc dinh
duy nhat ké ca boi cho mot L-ham va mot ham phan hinh. Céc tac gia
da ching minh:
Pinh 1y 1. Cho f la ham phan hinh khdc hing ¢ hitu han cuc diém va
L la mot L-ham khdc hing. Dat Y, m(2) = 2" 4+ az™ + b, vdi a,b # 0,
trong dé m,n la cdc so nguyén duong, n > 2m + 4, ged(n,m) = 1 va
Sy ={z: Y,m(z) =0}. Khi dé6 néu E¢(Sy) = E(Sy) thi f = L.
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Dinh 1y 1 cho ta mot dang tap xac dinh duy nhat cho mot L-ham
khéc hing va mot ham phan hinh khéc hing c6 httu han cuc diém S
gom 7 phan tit (khi ta chon m = 1,n = 7). Da thic Y, ,,(z) trong Dinh
Iy 1 dudc goi la da thic kieu Yi.

Nam 2023, H. H. Khoai, V. H. An va N. D. Phuong [34] da thiét ké
mot dang da thitc méi P (z) khéac véi da thite kieu Y,,,(2) va dua ra
mot 16p cac tap xac dinh duy nhat déi v6i mot L-ham vd mot ham phan
hinh c6 hitu han cuc diém gdm 5 phan tit. Cu thé, cac tac gia da xét
Pk (z) € Clz] dang:

Pr(z)=(n+m+1) (Z (T) — 7(71_—1i—)zl — izn+m+1iai> 4

1=0

= QK(Z) +1,
véi dieu kien a # 0, Qi (a) # —1 va Pg(a) # 0. Ky hieu
Sk ={z: Px(z) =0}. (1)

Cac tac gid da ching minh két qua sau:

Dinh 1y 2 ([34]). Cho f la ham phan hinh khdc hang cé hitu han cuc
diém, L la mot L-ham khdc hdang va Sk dugce zdc dinh trong (1). Khi dé
L= f néu E;(Sk) = Ef(Sk) van >m+ 2.

Dinh 1y 3 ([34]). Cho f la ham phan hinh khdc hang, L la mot L-
ham khdc hang va Sk dugc zdac dinh trong (1). Khi dé6 L = f néu
Er(Sk) = E¢(Sk) van>2,m>2,n+m > 8.

Dinh 1y 2 cho thay su ton tai clia tap xac dinh duy nhat cho mot
ham phan hinh ¢6 hitu han ciie diém va mot L-ham gom 5 phan tit (khi
chon m = 1,n = 3), gidm xudng tit 7 phan tit so v6i Dinh 1y 1. Dong
thoi, dinh 1y nay cling néi 16ng dicu kieén vé bac (n > m + 2) va loai bd
hoan toan gia thiét ged(n,m) = 1. Dinh 1§ 3 cho thay sy ton tai cta
tap xac dinh duy nhat cho mot ham phan hinh téng quat va mot L-ham

gom 9 phan ti (khi chon n + m = 8). Dong thoi, dinh 1y nay da loai



bé hoan toan gia thiét "cé hitu han cuc diem"dé 4p dung cho moi ham
phan hinh khéac hing, véi sy danh doi la cac diéu kién vé bac dudc that
chat hon (n > 2, m>2van+m > 8).

Nam 2023, dya tren 16p da thic P(z) thoa man cac dieu kien Fu-

jimoto, A. Banerjee va A. Kundu [8] da khang dinh sy dong nhat mot
L-ham va mot ham phan hinh thong qua viéc chia sé tap hgp véi trong
s6 2, mot tong quat két qua ctia H. H. Khoai, V. H. An va N. D. Phuong.
Cu thé cac téc gid da ching minh dinh 1y:
Dinh ly 4. Cho P(z) = a(z —a1)--- (2 — a4) ¢6 dao ham P'(z) =
aq(z — dy)® -+ (z — dg)®™ théa man dieu kién P(d;) # P(d;) vdi moi
1 <i<j<kwalada thic duy nhat manh cho ham phan hinh. Kij
hieu S = {z : P(z) = 0}. Khi dé vdi mot ham phan hinh khdc hang f va
mot L-ham khdc hang L, néu min{qy, g2} > 2 khi k =2, ¢ > 2k + 4 va
E¢(S,2) = Er(S,2) thi ta ¢ f = L.

C6 thé thay 16p da thic trong Dinh 1y 4 tong quat hon so véi 16p da
thic trong Dinh 1y 3 va dieu kien EL(Sk) = E¢(Sk) sé kéo theo diéu
kien F;(S,2) = Fr(S,2), do vay Dinh ly 4 1a mot céi tién dang ké ctia
Dinh 1y 3.

D6i v6i viec nghién ctiu cac tap song xac dinh duy nhat, dic biet 1a
cap gdm mot tap hitu han S va tap cyc diém {oo}, thuong dan dén mot
hé thic phu thudc tuyén tinh f = cg. Su ton tai ctia hé thic nay doi véi
tap S sinh bdi da thic Y, ,,(z) da duge ching minh béi P. Li va C.-C.
Yang [38] va H.-X. Yi [69]. Tiép d6, H. Fujimoto [16] da dua ra cac diéu
kién tong quat déi véi da thitc duy nhat manh dé giai thich sy xuat hien
clia hang s6 c. Md rong bai toan nay cho cac L-ham, Q.-Q. Yuan, X.-M.
Li vd H.-X. Yi[70] ciing thu dugc hé thitc phu thuoc tuyén tinh tuong tu
va st dung gia thiét ged(n,m) = 1 dé suy ra st dong nhat f = g.

Theo huéng tiép can nay, nam 2021, H. H. Khoai, V. H. An va L.
Q. Ninh [32] da nghién citu bai toan chia sé nghich &nh ctia cap tap hop
S, T sinh bdi da thic Y, ,(2), chi ra su ton tai ctia hé thic phu thuoce
tuyén tinh f = hL hodc sy dong nhat tuyét doi khi ged(n, m) = 1 thong
qua dinh 1y sau:



Dinh 1y 5. Cho m,n la cic so6 nguyén duong sao cho n > 2m + 8,
P(2),Q(2) la cdc da thic kieu Y, ,, vdi cic hé s6 khdc nhau. Ky hiéu S
va T lan gt la cdc tap khong diém cia P(2) va Q(2). Gid st f la ham
phan hinh khdc hang cé hiu han cuc diém va L la mot L-ham khdc hang
théa man E1(S) = E;(S). Khi dé:

(i) Ton tai hdng so h khdc khong sao cho f = hL.
(i) Néu ged(n,m) =1 thi f = L.
(iii) Ddc biet, néu f la mot L-ham khdc hang thy f = L va P = Q.

Cé6 thé thay, Dinh 1y 5 cho ching ta mot dang song xac dinh duy
nhat cho mét ham phan hinh khéc hing c6 hitu han cuc diém va mot
L-ham khac hing 14 mot cdp tap hop cac khong diém ciia da thic kiéu
Y,.m(2). Ngoai ra, dinh 1§ nay ciing cho mot diéu kien dai s6 dé mot
L-ham va mot ham phan hinh c6 hitu han cuc diém biéu thi tuyén tinh
qua nhau. Dinh 1y nay ciing md ra huéng nghién ctu vé song xac dinh
duy nhat cho cdc ham phan hinh.

Déi v6i van dé duy nhat lien quan dén diéu kién cac da thitc vi phan
chia sé mot hay nhiéu tap hop dudgc xem nhu khéi nguon tir gid thuyét
cia W. K. Hayman [25] (xem theém [24]) vé su phan bd gia tri cta da
thitc vi phan. Nam 1997, C.-C. Yang va X. H. Hua [66] d& nghién ctu
da thic vi phan dang f"f’ va chiing minh dinh 1y sau:

Dinh 1y 6 ([66]). Cho n > 11 la mot s6 nguyén va a la mot so phiic
khdac 0. Gid st hai ham phdan hinh khdc hang f va g thod man cic da
thic vi phan f"f" va "¢’ nhan gid tri a CM. Khi dé, hodc [ = dg vdi
d" =1, hodc f(2) = c1e”® va g(z) = cee™, & dé c,c1,co la cdc hang

nHlp2 — g2

s6 va théa man (cico)

C6 thé thay, Dinh 1y 6 cho ching ta mot tiéu chuan giai tich chit
ché vé tinh duy nhat ctia ham phan hinh thong qua cau tric da thic vi
phan. Viéc st dung liiy thita bac cao (n > 11) da thu giam diéu kién tu
viée chia sé nhiéu gid tri xudng chi con mot gia tri duy nhat a # 0 (CM),

dong thoi phan loai chinh x4c hai ham s6 thanh dang ty lé hodc dang

9



ham mil. Két qua nay tao tién dé Iy thuyét quan trong dé mé rong bai
toan chia sé tap hop cho cac dao ham cap cao va cac doi tuong phic tap
hon nhu L-ham § céc nghién ctu sau. Tiéu biéu nhu J. Ojeda [52] véi cac
ting dung ciia gid thuyét W. K. Hayman trong moi truong p-adic, [53]
vé cac da thitc vi phan chia sé tap hop hitu han; M. L. Fang va W. Hong
[13] trong viéc t6i wu hoa bac ctia da thiic hay 1. Lahiri [35] v6i phuong
phap chia sé ¢6 trong s6. Ngoai ra, cdc dong gop cua H. Fujimoto [17]
va A. Banerjee [6] ciing déng vai trdo quan trong.

D6i v6i 16p L-ham, nam 2017, F. Liu, X.-M. Li va H.-X. Yi [48] da

mé rong bai toan cho cac dao ham cap cao va chiing minh:
Dinh 1y 7 ([48]). Cho f la mot ham phan hinh khdc hing, L la mot
L-ham khdc hdang, n, k la cde s6 nguyén duong sao cho n > 3k + 6. Gid
st ring (f™)* va (LM% chia sé gid tri 1 CM. Khi dé f = tL, trong dé
t la hang so théa man t" = 1.

Dén nam 2019, X.-M. Li, F. Liu vd H.-X. Yi. [43] tiép tuc md rong
cho cac da thiic vi phan c6 cau tric tong quat hon va thu duge két qua:
Dinh 1y 8 ([43]). Cho f la mot ham phdan hinh khdc hang, L la mot
L-ham khdc hing, n,k la cic s6 nguyén duong, k > 2 va n > 3k + 9.
Gid st ring cac da thie vi phan (f*(f —1))*) va (L*(L —1))*) chia sé
tap {1y CM. Khi dé f = L.

Cé6 thé néi, van dé nghién ctu vé xac dinh duy nhat cho cac ham
phan hinh thong qua diéu kién chia sé mot hosic hai tap hop clia ham
phan hinh ho#ic da thic vi phan ctia ching da va dang phét trién manh
mé, thu hut dude sy quan tam nghién ciu clia nhiéu tic gid trong va
ngoai nudc, thu duge nhiéu két qua quan trong va van con mot sd van
dé mé can dudc tiép tuc nghién ciiu.

Su lya chon dé tai Ve da thic zdc dinh duy nhat va tap zdc dinh duy
nhat doi vdi L-ham va ham phan hinh clia ching t6i nham lam phong

phi thém cac két qua nghién cttu theo huéng nay.
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2. P6i tuong va muc dich nghién ciu

2.1. D6i tuong nghién ciu

D61 tugng nghién ctu clia luan an 14 cdc ham phan hinh trén mét
phang phitc C v& 16p L-ham thuoc 16p Selberg S véi cac dic trung giai
tich nghiém ngat.

2.2. Muc dich nghién ctu

Trong luan an nay ching toi tap trung giai quyét hai van dé sau:

Van dé thi nhat: Xay dung mot s6 dang da thic duy nhéat cho cac
ham phan hinh, tit d6 chi ra mot s6 dang tap xac dinh duy nhat hoic
song xac dinh duy nhat cho mot L-ham va mot ham phan hinh.

Van dé thd hai: Xay dung mot s6 dinh Iy duy nhat méi lien quan
diéu kieén cac da thic vi phan ctia L-ham vA mot ham phan hinh chia sé

mot tap hitu han.

3. Tong quan vé luan an

a) D61 v6i van de nghien citu thit nhat:

Cho P(z) 1a mot da thitc mot bién, F; va F» 14 hai 16p cac ham phan
hinh trén C. Ta n6i P(z) 1a da thitc duy nhat cho F; x F» néu diéu kien
P(f) = P(g) kéo theo f = g véi moi f € Fj va g € Fo. Ta néi P(z) la
da thitc duy nhat manh cho F; x F» néu dieu kien P(f) = cP(g), vdi c
14 mot hang s6 khac khong, kéo theo f = g v6i moi f € F; va g € Fo.
Trong truong hop F; = Fp = F thi ta goi P(z) la da thitc duy nhat hay
tuong ting duy nhat manh cho ho F.

Trong luan an nay, mot cong cu quan trong dugc ching téi van dung
xuyén suodt 1a cac diéu kien vé da thic duy nhat manh ctia H. Fujimoto.

Cho P(z) la mot da thite ciua C[z] ¢6 bac ¢ véi dao ham ctia P(z) ¢6
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k khong diém phan biét dy, ds, . .., d; v6i boi tuong tng my, ma, ..., my.
P'(z) = aq(z —d)™ (2 — d2)™ - (2 — dg)™. (1.3)

Khi d6 s6 k dugc goi 1 chi s6 dao ham cia P(z). Gia su rang:
P(d) £0, 1<i<k (1.4)

my>mg > Zmpg >my > 1, k>2. (1.5)

Chu § rang, diéu kien (1.4) suy ra P(z) chi c6 nghiem don.
Ta nhic lai mot dieu kien dit ra béi nha toan hoc H. Fujimoto (xem
[16], Dinh 1y 1, trang 1176):

Pd)£Pd;), 1<i<j<k k=2 (F)

Chu y rang dieu kien (F) 1a luon dang khi & = 2. Do d6 ta chi can
quan tam dén diéu kién nay khi k& > 3.

Ky hiéu S 1a 16p cac L-ham Selberg, M(C) 1a ho cédc ham phan hinh
trén C.

D6i v6i van dé xay dung mot s6 dang da thiic duy nhat cho S x M(C)
ching toi thu dugc hai két qua: Dinh 1y 1.2.3 va Dinh 1y 2.2.1 xac dinh
cac dang da thitc duy nhat cho S x M(C). C6 thé thay Dinh 1y 1.2.3 1a
mot mé rong ctia Bé dé 9 cia H. H. Khoai, V. H. An va N. D. Phuong
trong [34]. Dya trén céac Dinh 1y 1.2.3 vi Dinh 1y 2.2.1, chiing t6i ching
minh dugc mot s6 két qua vé tap xac dinh duy nhat cho cac ham phan
hinh nhu sau:

D6i v6i 16p L-ham va ham phan hinh c6 hitu han cuc diém, ching
toi da thiét lap dugc mot dieu kien du lien quan dén bac clia da thic dé
mot L-ham vA mot ham phan hinh ¢é hitu han cuc diém 1a tring nhau
khi chia s¢ mot tap hop hitu han (Dinh 1y 1.2.4). T d6 chi ra sy ton tai
ctia mot 16p cac tap xac dinh duy nhat gom 5 phan tit déi véi L-ham
va ham phan hinh ¢6 hitu han cyc diém (Dinh 1y 1.2.4). Ngoai ra, chiing
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toi xay dung méi céc diéu kien di dé mot ham phan hinh c6 hitu han
cyc diém va mot L-ham phu thude tuyén tinh (Dinh 1y 1.3.1) hoac triing
nhau (Dinh 1y 1.3.2) khi ching chia sé hai 16p cia céac tap hgp hitu han
phan biét.

Co6 thée thay Dinh 1y 1.2.4 da cai tién Dinh 1y 2 ctia H. H. Khoai,
V. H. An va N. D. Phuong trong [34] bang cach t6i uu héa s6 phan ti
tap xac dinh duy nhat (tu 9 xudng 5 phan ti) vd mé rong Dinh 1y 5
ciia Q.-Q. Yuan, X.-M. Li va H.-X. Yi trong [70] bang cach loai bo gia
thiét ged(n,m) = 1. Dinh Iy 1.3.1 1a mot sy tdng quat héa cho Dinh
Iy 5 ctia Q.-Q. Yuan, X.-M. Li va H.-X. Yi trong [70] va Dinh 1y 2 cta
Q.-Q. Yuan, X.-M. Li va H.-X. Yi trong [34] khi chuyén bai toan tit chia
sé mot tap hop sang chia sé hai tap hgp hitu han phan biét.

D6i v6i 16p L-ham va ham phan hinh bat k¥, chung t6i da chi ra dugc
mot 16p tap xéac dinh duy nhat cho S x M(C) lién quan dén khong diem
ciia da thic xac dinh bdi Fujimoto v6i s6 phan ti it nhat 1a 5 (Dinh
Iy 2.2.2) hay lién quan dén khong diém ctia da thic kiéu Yi (Dinh ly
2.2.7), tit d6 chi ra sy ton tai clia mot 16p tap xac dinh duy nhat kiéu
Yi gom 10 phan ti (Cha y 2.2.8). Dong thoi, luan an ciing thiét lap mot
diéu kién dai s6 lien quan dén khong diém ctia hai da thic kiéu Yi dé
mot ham phan hinh biéu thi tuyén tinh qua mot L-ham hoiic hai L-ham
trung nhau (Dinh 1y 2.2.6). Ngoai ra, ching toi thiét lap cac dieu kien
du lien quan dén dai luong khuyét chung tai 0 vi +00 dé hai ham phan
hinh tring nhau (Dinh 1y 2.3.1) khi chiing chia sé mot tap hgp hitu han.
Tt d6 chi ra sy ton tai clia cac 16p tap xac dinh duy nhat véi s6 phan
tit duge thu gon dang ké (xudng con tit 6 dén 10 phan tit) khi ham phan
hinh c¢6 céac gia tri khuyét phtt hop (He qué 2.3.2 va He qua 2.3.3).

C6 thé thay, Dinh 1y 2.2.1 13 mot mé rong doi v6i Dinh 1y 3.4 ctia A.
Banerjee va A. Kundu trong [8] thong qua viéc thay doi cac diéu kién
gid thiét, cho phép xac lap 16p da thic duy nhat manh trén khong gian
S x M(C) ddi v6i cac da thitc ¢6 cau tric nghiém ctia dao ham chita
nghiém don, von 1a 16p ddi tugng nam ngoai pham vi ap dung ctia Dinh
ly 3.4. Tiép do, Dinh 1y 2.2.2 da cai tién Dinh 1y 1 ctia H. H. Khoai, V.
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H. An va N. D. Phuong trong [34] thong qua viéc néi long dieu kién bac
clia da thic. Dinh Iy 2.2.6 14 mot mdé rong tryc tiép Dinh 1y 1 cia V.
H. An va N. D. Phuong trong [5]. Dic biét, két qua ¢ Dinh 1y 2.3.1 da
cu thé hoa va chiing minh tron ven du doan cua H. H. Khoai va V. H.
An trong [29] d6i v6i quan hé gitta ham phan hinh va L-ham, thong qua
viéc dinh luong héa cac diéu kien vé gié tri khuyét cho su dong nhét ciia
hai 16p ham.

b) Ddi véi van dé nghién cttu thit hai, ching toi da:

Thiét lap duge diéu kien du lién quan dén viéc chia sé mot tap hitu
han ciia hai da thic vi phan kidu ()™ tuong ting dé hai ham phan
hinh biéu thi tuyén tinh qua nhau ho#ic hai dao ham cap cao ciia ching
tring nhau (Dinh 1y 3.2.1, Hé qua 3.2.3 va Hé qua 3.2.4). T d6 xac lap
duoc tap xac dinh duy nhat cho ham phan hinh gom 11 phan ti lién
quan dén dai luong khuyét chung tai 0 v& +o0o clia hai da thic vi phan
kidu (f™)™ (He qua 3.2.2).

Thiét 1ap mot diéu kién du lien quan dén cac da thic vi phan dang
(fM)™ chia sé mot tap hitu han hay mot phan tit dé mot L-ham va mot
ham phan hinh tring nhau ho#ic sai khac mot hang s6 ty lé 14 nghiem
ctiia don vi (Dinh 1y 3.2.9, Hé qua 3.2.10).

Xay dyng méi mot s6 dinh 1y duy nhéat lien quan dén cic da thic vi
phan dang (f"(af™ + b))*) chia sé mot tap hitu han hay mot phan ti
dé mot L-ham va mot ham phan hinh tring nhau hodic biéu thi tuyén
tinh qua nhau (Dinh 1y 3.2.11, Hé qua 3.2.12 va Dinh 1y 3.2.13).

C6 thé thay Dinh 1§ 3.2.9 da md rong Dinh 1 1.1 ctia F. Liu, X.-M. Li
va H.-X. Yi trong [48] thong qua viéc thiét 1ap phép chia sé tap nghiém
ctia don vi bac d theo CM cho dao ham bac k ctia don thiic (f7)*). Hon
nita, Dinh 1y 3.2.11 va He qua 3.2.12 13 mot su cai tién va tong quat hoa
tryce tiép Dinh 1y 1.10 ctia X.-M. Li, F. Liu va H.-X. Yi trong [43] thong
qua viéc ndi 1éng cau tric ctia doi tuong khio sat sang dao ham cta 16p
da thic vi phan sinh béi nhi thic dang (f"(af™ + )™ dusi cac rang
budc dai s6 cu thé déi véi bac n. Tiép nbdi huéng tiép can do, Dinh Iy
3.2.13 tiép tuc tong quat hoa cac két qua trén cho dao ham cta 16p da
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thite bac cao dang (f"Q(f)™ (véi Q(z) la da thic bac m) thong qua
viéc thiét lap dieu kien dong nhat f = L dya trén gid thiét 2"Q(z) la
mot da thitc duy nhat hodc duy nhat manh déi v6i cac ham phan hinh.

4. Phuong phap va cong cu nghién ciu

Luan an st dung cac cong cu clia giai tich phiic, Iy thuyét phan bd
gia tri Nevanlinna va 1y thuyét cac L-ham thuoc 16p Selberg. Ve phuong
phap, luan an st dung k¥ thuat xay dung ham phu dé triét tieu anh
huéng ctia vo han cuc diém trong cac ching minh déi véi 16p ham phan
hinh tong quat. Déng thoi, nghién ctu ap dung ki thuat so sanh va déi
chiéu cau tric anh ngudc clia cac tap hop hitu han thong qua cac da
thic duy nhat manh duya trén cac diéu kién veé bac.

Vé cong cu, luan an van dung Dinh 1y co ban thd nhat va thi hai
ctia Ly thuyét Nevanlinna lam nén tang giai tich. Cac dic trung chuyen
biet clia L-ham thuoc 16p Selberg S nhu phuong trinh ham, gid thuyét
tich Euler va thac trién giai tich dugce khai thac dé thiét lap cac danh
gia dac trung. Quéa trinh nghién ciu thyc hién dya trén viec két hop cac
bat dang thic Nevanlinna véi cau tric dai s6 ciia cac da thic duy nhat

dé gidi quyét bai toan xac dinh duy nhat.

5. Cau trac luan an

Luan an, ngoai phan mdé dau, két luan chung va danh muc tai lieu
tham khao, dugc cau tric thanh ba chuong noi dung chinh:

Chuong 1: Van dé duy nhat cho L-ham va ham phan hinh cé hitu han
cuc diém. Chuong nay khao sat tinh duy nhat khi ham phan hinh c6 s6
luong cuc diém hitu han. Noi dung chinh la thiét lap cac diéu kién da
thiic dé xac dinh hé thiic phu thudc tuyén tinh f = hL va su dong nhat
gitta f va L. Bang viéc cai tién ki thuat danh gia tu H. H. Khoai va
V. H. An [29], chuong nay chiing minh sy ton tai ctia tap xac dinh duy
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nhat gom 5 phan ti. Cac két qué clia chuong nay dugce cong bo tai cac
bai bao [2] va [4] trong Danh muc cong trinh ctia téac gia lien quan dén
luan an.

Chuong 2: Van dé duy nhat cho L-ham va ham phdan hinh. Chuong
nay mdé rong nghién ctu cho 16p ham phan hinh c¢6 vo han cuc diém
trén mit phang phitc C. Luan an van dung phuong phap ham phu va
k¥ thuat xtt Iy ham khong diém dé thiét lap cac dinh 1y vé su phu thudc
tuyén tinh f = hL thong qua viéc chia sé cac cap tap hitu han S, T. Két
qué nghién citu khang dinh méi quan hé tuyén tinh la tinh chat noi tai
khong phu thudc vao sb luong cuc diém, gép phan giai quyét gia thuyét
ciia H. H. Khoai [28]. Cac két qua trong chuong nay duge cong bo tren
bai bao s6 [1] va [2] trong Danh muc cong trinh ctia tac gid lien quan
dén luan an.

Chuong 3: Van dé duy nhat cho L-ham va ham phdan hinh vdi diéu
kién da thiic vi phan. Chuong nay nghién ctiu sy tuong tac gitta cau tric
vi phan va tinh duy nhat ctia ham L. Déi tuong nghién ciu la tinh duy
nhat manh clia cac dao ham cap cao va da thitc vi phan khi chia sé tap
cac nghiém cua don vi. Luan an ching minh cac toan tit vi phan bao
toan mo6i quan hé gitta ham phan hinh va ham L, dan dén cac dinh 1y ve
st dong nhat tuyet déi. Két qua nay tong quat héa cac dinh 1y cta F.
Liu, X.-M. Li v H.-X. Yi [48] va X.-M. Li, F. Liu va H.-X. Yi [43]. Cac
két qua trong chuong nay duge cong bd trén bai bao sb [3] trong Danh
muc cong trinh ctia tac gid lién quan dén luan an.

Ngoai viéc cong bo trén cac tap chi, cac két qua chinh ciia luan an

da ducc bao céo tai:

e Seminar cia Bo mon Giai tich va Toan tng dung, Khoa Toan,

Truong Dai hoc Su pham, Dai hoc Thai Nguyén.
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Chuong 1

Van dé duy nhat cho L-ham va ham
phan hinh cé httu han cuc diém

1.1 Mot sé khai niém va két qua bbd trg

Bay gio, ta nhic lai mot s6 khai niém co sé va két qua da biét cia
Iy thuyét phan b6 gia tri clia cac ham phan hinh (xem [24, 18]).

Ky hieu M(C) (A(C)) la tap cac ham phan hinh (ham nguyén) trén
mat phang phiic C. Trong luan an nay, mot ham phan hinh (tuong ting,
ham nguyén) duge hiéu 13 mot ham thuoe M(C) (tuong tng, A(C))
khong dong nhat 0 va khong dong nhat oo.

Cho a € C, ham dém boi v§ : C — N ctia ham phan hinh f dugc
xac dinh bdi:

0 néu f(z) #a,

vi(z) = . ,
d mnéu f(z) =a c6 boi la d.

D6i véi cuc diém cia f, ta quy ude v =Y.
7
Dong thoi, ham dém khong tinh boi 7% : C — N dude dinh nghia béi
7%(2) = min {v}(2), 1}, véi quy ude twong tng cho cie diem 1a 7y = D%.

Cho f € M(C) va S € CU {oo}, S # ), ta dinh nghia &nh ngugc
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cua S tinh boi bdi:

Er(S) = J{(zvi(2)) : z € C},

a€s

va anh ngugc cua S khong tinh boi bai:

E4(9) = U {(z,ﬂj‘?(z)) 2 € C}.
acsS

Cho F la tap hgp con cac ham phan hinh khac hang cia M(C). Hai
ham phan hinh khac hing f,g € F dugc goi 1a chia sé tap S tinh boi
(chia sé S CM) néu E¢(S) = E,(S), va duge goi 1a chia sé tap S khong
tinh boi (chia sé S IM) néu E;(S) = E,(S).

Néu diéu kien E;(S) = E,(S) (tuong tng E;(S) = E,(S)) suy ra
f = ¢ d6i v6i hai ham phan hinh khac hang bat ky f, g cia F, thi S
duge goi 1a tap duy nhat déi véi cdc ham phan hinh F tinh boi (tuong
ting khong tinh boi).

Cho f(2) 1a mot ham phan hinh, s6 cac cie diém ciia f(2) trong dia
|z| <7 dugc ky hieu 1a n(r, f) va mot cyc diém boi m dude tinh m 1an
trong n(r, f).

Ham dém N(r, f) dugc dinh nghia nhu sau:

N(r, f) = /Or n(t. f) ; n(0. f) dt + n(0, f) logr.

Ham dém N (r, f) thuong dudce goi 1a ham dém tai cac cuc diém.
Ham dém N(r, f) duge dinh nghia nhu sau:

Nir, f) = / nit, /) ;ﬁ(o’f) dt + (0, f) logr.

0

Ham dém N(r, f) thuong dudc goi 14 ham dém tai cac ciic diém khong
tinh boi.

s > P ~ - 2 N - - 2 ~ ~
Cha y rang, cac khong diem cta f la cac cuc diem cta —. Vi vay,
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. 1 — 1 .
ham dem N (r, ?) va N (r, ?> dugc dinh nghia lan lwgt nhu sau:

) ()
Snlt, =] —nl0,=
N(r,l>:/0 ( / f dt+n<0,%> log 7,

[ /

=

1 1
TﬁGp)—ﬁ(Q—>
(7“, %) :/0 / f dt—l—ﬁ<0,%) log r,

t

1 1Y . ) 2
trong d6 n (r, ?) van (7’, ?> lan lugt 1a so cac khong diem tinh boi va

s6 cac khong diém khong tinh boi trong dia |z| < r.
V6i moi s6 phitc a € C, cdc nghiém ctia phuong trinh f(z) = a

. Do d6, ham dém

(a-diém ctia f) chinh 1a cac cye diem cta ham
—a

—a

1 ) _
N (r, 7 ) va ham dém khong tinh boi N (fr’,
—a

tuong tu nhu sau:

> duge dinh nghia

=)~ (0 7)
ynlt,—— | —n(0,——
N(r, 1 ):/0 ( f—a f-a dt+n<0,ﬁ)logr,

f—a

nlt,— | —7n |0, ——
N(r, ! ):/ ( f—a f-a dt—|—ﬁ<0,—1 >logr,
0

f—a t

1 1 . ) .
trong do n { r, van|r, lan lugt 1a so a-diem tinh boi va
f—a f—a
khong tinh boi ctia ham f trong dia |z| < r.
Ham xap xi duge dinh nghia nhu sau:

2m .
mirf) = 3= | 108" 1) a0,

trong d6 log" 2 = max{0, logz}.
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T do, véi bat ky gia tri a € C, ta c6

1 1 27
m | r, = — / log™
f —a 2 0

C6 the thay rang, ham m <r, ﬁ) "do"nhitng gia tri clia f gan a.

1

Fre=al

Ham déc trung T'(r, f) duge dinh nghia nhu sau:

T(r,f) = N(r,f)+m(r, f).

T do, véi bat ky gia tri a € C, ta c6

1 1 1
T<T’f—a>:N<T’f—a>+m<r’f—a)'

Ta nhéc lai hai dinh 1y co ban ctia 1y thuyét phan bo gia tri.

Dinh ly 1.1.1 (Dinh Iy co ban thit nhat, xem [67], Dinh 1y 1.2, trang
8). Cho f la mot ham phdn hinh khdc hang va cho a € C. Khi dé

T (r, ; ! a) — T(r, f) + O(1),.

trong dé O(1) la mot dai lugng bi chan.

Dinh 1y 1.1.2 (Dinh Ij co ban thi hai, xem [67], Dinh 1y 1.6, trang 22).
Cho f la ham phan hinh khdc hang trén C va cho ay, ..., a4 la cdc diém
phan biét cua C. Khi do

=070 < T+ SN (r ) <00 (n 1) 4 50,00,

d do Ny (7“, %) la ham dém tai cdc khong diém cia f' ma khong phdi la
khong diém ciia ham (f —ay) -+ (f —ay) va S(r, f) = o(T(r, f)) cho moi
r triu ra mot tap hop co do do Lebesque hitu han.

Cho f 13 mot ham phan hinh khac hing. Ham phan hinh a dugce goi
1a mot ham nhé déi v6i f néu T(r,a) = S(r, f).
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Dinh 1y 1.1.3 (Dinh 1y co ban tht hai cho muc tiéu di dong, xem
[64], He qua 1, trang 227). Cho f la mot ham phan hinh khdc hing va
ai, g, ..., a, la cic ham phan hinh phan biét tren C. Gid si rang a; la

cdc ham nhé doi vdi f cho moii=1,2,...,q. Khi dé, bat dang thic

1
f_az'

(¢ =2)T(r, f) SilNG“, )+S(T,f)

dung cho mot r, tri ra mot tap co do do Lebesque hitu han.

Bo dé 1.1.4 ([65], B6 dé 2, trang 108 va [18] Dinh 1y 6.1, trang 31). Cho
f la mot ham phan hinh khdc hang va P(f) la da thitc cia f c6 dang

P(f) = anf" + an1f" "+ anof" 4+ arf + ap,
trong dé a, # 0, a; la cde ham nhé doi vdi f véi moii =0,1,...,n. Khi
do
T(r,P(f)) =nT(r, f)+S(r f).

Dinh nghia 1.1.5. Da thiic P(z) dugc goi la da thic duy nhat cho
cac ham phan hinh (ham nguyén) néu déi véi hai ham phan hinh (ham

nguyén) bat ky f, ¢ tit dieu kien P(f) = P(g) suy ra f = g.

Dinh nghia 1.1.6. Da thic P(z) dugc goi la da thitc duy nhat manh
cho cac ham phan hinh (ham nguyén) néu do6i v6i hai ham phan hinh
(ham nguyeén) bat ky f, g tu dieu kien P(f) = c¢P(g), v6i ¢ # 0,c € C
suy ra f = g.

Cho R(z) la da thic véi dao ham c¢6 dang sau:
R(2)=(z —d)"(z — d2)® -+ (2 — dp) ™. (1.1)

Ta nhac lai diéu kien sau duge dua ra bdéi H. Fujimoto (xem [16],
Dinh 1y 1, trang 1176):
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B6 dé 1.1.7 ([17], Dinh 1y 1.4, trang 35). Cho R(z) la mot da thic dang
(1.1) théa man diéu kién (1.2). Khi dé R(z) la da thic duy nhat néu va

chi néu
k

Z %qj = Z%

1<i<j<k =1
trong dé k la chi so dao ham.
Néi riéng, bat ding thic trén luon théa man khi k > 4. Bat dang
thitc nay cung duge théa man khi k = 3 va max{qi, q2,q3} > 2 hodc khi
k=2, min{q, ¢} >2 vaq + ¢ > 5.

Dinh nghia 1.1.8. Cho f 14 ham phan hinh khac hing. Khi d6

p(f) = limsup —logT(r, /)

r—300 log r
dugce goi la bac cua f.

B6 dé 1.1.9 ([18], Dinh Iy 4.1, trang 57). Cho f(2) la mot ham nguyén
¢6 bac hitu han p(f). Néu f khong co khong diem thi f(z) = e"?), trong
do h(z) la mot da thic co bac < p(f).

Vi du 1.1.10. i) Cho f 1a ham hitu t§ khac hiing. Khi do p(f) = 0.
ii) Cho f(z) =€*. Khi d6 p(f) = 1.

) P
Chiing minh. 1) Viét f(z) = QEZ;’ v6i P(z),Q(z) khong c¢6 nhan ti
z
chung va d = max{deg P,degQ} > 1. Ta ¢c6 T(r, f) = dlogr+ O(1). Do

do log T (r, f) = logd + loglogr + O(1).

logd + log1 O(1
Tit day va lim 024 Hloglogr+O) _ o o o(f) = 0.
r—00 log r
-
ii) T T'(r,e*) = — ta nhan dugc log T'(r,e*) = logr — log w. Do d6
T

logT'(r,e*) . logr

lim = = 1.
r—00 log r r—oo log r
Vay p(f) =1 néu f(z) = e, 0]

22



B6 dé 1.1.11. Cho fi va f» la hai ham phan hinh. Khi dé:
i) p(f1 + f2) < max{p(f1),p(f2)}.

i) p(frfa) < max{p(f1), p(f2)}
Néu p(f1) # p(f2) thi dang thiic xdy ra trong cdc ddnh gid trén.

Chaing minh. i) Ta can ching minh p(f1 + fo) < max{p(f1), p(f2)}.
Tt bat ding thitc co ban déi véi ham dic trung ctia mot tong, ta co:

T(r, fr + f2) <T(r, fr) +T(r, fo) + log2.

Vi T(T7 fl) < H’laX{T(T, f1)7 T(Ta f2)} va T(?“, f2) < maX{T(r, f1)7 T(?“, f2)}7
ta c6 thé danh gia:

T(Ta fl + f2) S 2 maX{T(Ta f1)7 T(Ta fQ)} + lOg 2.
Lay log™ ca hai vé (v6i r dii 16n dé cac dai lugng déu duong), ta dudc:

10g+ T(Ta fl + f2) < log+ (2 maX{T(Ta f1)7 T(T7 f2)}) + 0(1)
< log" max{T'(r, f1),T(r, f2)} +1og 2+ O(1)
< max{log™ T'(r, f1),log™ T(r, f2)} + O(1).

Chia cé hai vé cho logr (v6i r > 1) va lay gidi han trén limsup,_, .,

ta thu dugc:

+ + +
lim sup 10g T(T’, fl + f2) S lim sup maX{lOg T(Ta f1)7 log T(Ta f2)} '

=500 logr r—00 logr

Do tinh chat ciia gi6i han trén, ta suy ra:
p(fi+ f2) < max{p(f1), p(f2)}-

ii) Ta can ching minh p(f1f2) < max{p(f1), p(f2)}-
Tuong tu phan i), 4p dung bat dang thic co ban cho mot tich:

T(Ta flf?) < T(Ta fl) + T(Ta f2) <2 maX{T(Ta f1)7 T(Tv f2)}
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Lay log™ ca hai vé:
log™ T'(r, f1f2) < max{log™ T(r, f1),log" T'(r, f2)} + log 2.

Chia cho logr va lay limsup, .., ta nhan dugc:

p(fif2) < max{p(f1),p(f2)}

Chiing minh truong hop dau bang xdy ra khi p(f1) # p(fa):
Khong méat tinh tong quat, gid st p(f1) < p(fa).
Khi d6 max{p(f1), p(f2)} = p(f2). Tt phan i), ta da c6 p(f1 + f2) <

p(f2). Bay gio ta can ching minh p(f1 + f2) > p(fo).
Ta viét lai ham fy dudi dang:

fo=(fi+fo) - fr.
Ap dung danh gia 6 phan i) cho hai ham (f; 4+ fo) va (—f1), ta c6:
p(f2) < max{p(f1 + f2), p(=f1)}-
VIT(r,—f1) =T(r, 1), suy ra p(—f1) = p(f1). Do dé:
p(f2) < max{p(f1 + f2),p(f1)}.

Vi gid thiét p(f1) < p(f2), bat dang thitc trén chi ding khi gia tri 16n
nhat roi vao p(f1 + f2). Do do:

p(f2) < p(fi+ fo).

Két hop ca hai chiéu danh gia, ta thu dudge dang thic:

p(fi + f2) = p(f2) = max{p(f1), p(f2)}-
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fife
N

(1) < max { o). (})}

Theo Dinh 1y co ban thit nhat ctia Nevanlinna, T (7“, %) =T(r, f1)+
O(1), do d6 p (%) = p(f1). Bat dang thtc tré thanh:

DAéi v6i tich, ta viét fo = = (fife) — Ap dung phan ii), ta co:

p(f2) < max{p(fif2), p(f1)}-

Mot lan nita, do p(f1) < p(f2), ta bat bude phai co p(f2) < p(fif2).
Vay dang thiic cho tich cling xay ra. Bo dé dudc ching minh. ]

B6 dé 1.1.12 ([18], Dinh ly 2.3, trang 99). Déi vdi ham phan hinh bat
ky f sao cho f®) khdc hing, ta co:

i) T(r, f®) < (k+1)T(r, f) + S(r, f),

i) S(r, fM) = S(r, f).

B6 dé 1.1.13 ([73], B6 dé 2.3, trang 5; hosic [68], B dé 3, trang 171).
Déi véi ham phan hinh bat ky f, ta cé

N( f/) <N< }) LN () + SO f).

Dinh nghia 1.1.14 ([60], céc trang 111-112). Mot L-ham ludn duge
hieu 14 mot L-ham trong 16p Selberg S. Mot L-ham trong 16p Selberg
S dugc dinh nghia 1a4 mot chudi Dirichlet hoi tu tuyeét ddi trong mién
Re(s) > 1

— Z aq(;l)) a(l) =1,

n=1
va théa man cac diéu kién sau:
(i) Gid thuyét Ramanujan: v6i moi s6 duong €, a(n) < nf;
(i) Théc trién giai tich: ton tai mot s6 nguyén khong am m sao cho

(s —1)™L(s) la mot ham nguyén ctia bac httu han;
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(iii) Phuong trinh ham: ton tai cac s6 thuc duong @, \;, ton tai mot
s6 nguyén duong K, va ton tai cac s6 phtic u;, w véi Rep; > 0 va |w| =1
sao cho

Ap(s) =wAp(1l —3),

trong do6

Ap(s) = L(s)Q" H I (Ais + i) ;

(iv) Giad thuyét tich Euler:

trong do

Ly(s) = exp (i bff,:g)

k=1
z L e . 1 ~ pe 2, Z z
v6i hé so b (pk) thoéa man b (pk) < pM déi véi 0 < 5 nao do, ¢ do tich
duoc 1ay trén moi s6 nguyén to p.

Chii ¥ ring, theo tinh chat (i), mot L-ham c6 thé thac trién giai tich
thanh mot ham phan hinh trén C vé6i chi mot cuc diém c6 thé 1a 1. Do
d6 viéc nghién citu phan bd gia tri clia cdc L-ham chia sé cac tap hitu
han véi cac ham phan hinh ciing 14 mot trong nhitng van dé nghién ctu

ctia 1y thuyét Nevanlinna.

Vidu 1.1.15. Ham zeta Riemann, ky hiéu la ((s), [a mot L-ham. Ham
Riemann zeta dugce dinh nghia bdi chudi Dirichlet hoi tu tuyet déi trong
mién Re(z) > 1 nhu sau:

) =0

n=1

Ham ((s) c6 thé thac trién gidi tich dugc ra toan bo mit phang phiic
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ngoai trit moét cuyc diém don s = 1. Dat

S

As) = 20 (5) ¢(s).
Khi d6 A(s) théa man phuong trinh ham:
A(s) = A(1 —s).
Hon nita, ham ¢(s) c¢6 khai trién tich Euler:

<(s>=H<1—]§),

4 do p lay gia tri trong tap cac sd nguyeén to.

B6 dé 1.1.16 ([47], B6 dé 2.3, trang 3800). Néu L la mot L-ham thi
phuong trinh L = a c¢6 vo han nghiém, trong do a € C.

Bo6 dé 1.1.17 ([26], Dinh 1y, trang 2). Cho L1, ..
phan biét. Khi dé Ly, ..., Ly la doc lap tuyén tinh trén C.

., Ly la cac L-ham

B4 dé 1.1.18 ([60], Dinh 1y 7.9, Dinh 1y 7.11, céc trang 150-152; hodc

[58], Bo dé 3). Cho L la mot L-ham. Khi dé:

d
i) T(r,L) = ?Lrlogfr +0(r), ¢ dé dp =238 N\ la bac clia L, con

K wva \; tuong wng la so nguyén duong va cdc so thuc duong zuat hién

trong phuong trinh ham cua dinh nghia L-ham.
ii) N(r,L) = S(r,L).
iir) p(L) = 1.

27



1.2 Tap xac dinh duy nhat ctia L-ham chia
sé tap httu han véi ham phan hinh cé
hitu han cuc diém

Cho A, B la céc tap con khac rong cia M(C) sao cho A C B.

Dinh nghia 1.2.1. Mot da thic P(z) duge goi 1a da thitc duy nhat
trén A x B néu vdi hai ham phan hinh khac hing bat ky £, ¢ sao cho
(f,9) € A x B, dieu kien P(f) = P(g) suy ra f = g.

Dinh nghia 1.2.2. Mot da thitc P(2) dudc goi la da thitc duy nhéat
manh trén A x B néu déi v6i hai ham phan hinh khic hing bat ky
(f,g) sao cho (f,g) € A x B, di¢u kien P(f) = cP(g), v6i ¢ # 0, suy ra
=g

Lay A 1a S (tap cac L-ham), B 1a M(C). Khi d6 ta c6 cac khai niem
da thitc duy nhat, da thic duy nhat manh tren S x M(C).

Tu Dinh nghia 1.2.1 va Dinh nghia 1.2.2 ta thay ring, da thic P(z)
1a mot da thiic duy nhat (duy nhat manh) tren M(C) x M(C) néu va
chi néu P(z) 1a mot da thiic duy nhat (duy nhat manh) cho M(C).

Chu y rang, tap cac da thiic duy nhat cho M(C) 1a tap con thuyc sy
clia tap cac da thic duy nhat tren S x M(C).

Xét P(z) € C[z] la da thic bac ¢ c6 dang;:

P(z)=a(z—a1) - (2 —aqay), a#0,

v6i dao ham ctia P(z) ¢6 k khong diém phan biét dy, ds, . .., d; v6i boi
tuong ing my, mo, ..., my va khi do
P'(z) = aq(z —d)™ (2 — do)™ - (2 — dg) ™. (1.3)

S6 k duge goi la chi s6 dao ham ctia P(z).
Gia st rang
P(d;)) #0, 1<i<k. (1.4)
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mp>my > >my > mp > 1, k>2 (1.5)

Chu y rang, diéu kien (1.4) suy ra P(z) chi ¢6 nghiéem don.
Ta nhac lai diéu kién sau duge gidi thiéu bdéi H. Fujimoto (xem [16],
Dinh 1y 1, trang 1176):

Pd)£Pd;), 1<i<j<k k>2 (F)

Ta thay rang dicu kien (F) luon dung khi k& = 2. That vay, khi
d6 P'(z) = aq(z — d))™(z — dy)™ va dé § rang ¢ = mq + ma + 1,
P(z) — P(dy) = (z — dy)™Pi(z), 6 d6 Pi(dy) # 0, P(z) — P(dy) =
(z — da)"™ Py(2), Py(ds) # 0.

Néu P(dy) = P(ds) thi (2 — d)™ ™ Pi(2) = (2 — dy)™ ™ Py(2). Do
dy # dy nén Pi(z) chita nhan ti (z — do)™ ™. Do d6 ¢ > my + ma + 2.
Diéu nay mau thuan v6i ¢ = my +mo + 1. Vay P(dy) # P(dy).

Do do6 ta gia sit

Dieu kien (F) dugc thoa man khi k > 3. (1.6)
Tit (1.3) dén (1.6) ta c6 thé viét P(z) dudi dang
P(z)=a(z —d)™ ™ (z—=by) (2 = bym,_1) + b, (1.7)

trong d6a#0,b=P(d)) #0vad;, #b;, 1 <i<j<qg—m; — L

Dinh 1y 1.2.3. Cho P(z) dugc xdc dinh nhu trong (1.3) vdi cic diéu
kien (1.4), (1.5), (1.6). Gid st rang mot trong cdc diéu kién sau dugc
thoa man:

1) Néuk > 2, q> 4 vamg =1 hodc q¢ > 6 va mg > 2.

2) Néu k =3, my > 2.

3) Néu k > 4.

Khi dé P(z) la da thic duy nhat trén S x M(C).
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Chitng minh. Xét P(f) = P(L). Dé y ring
q=my+mg+---+my+ 1L
1) k = 2. Khi d6
P(z) = a(z —d))™ (2 = b)) +b, P'(2) =aq(z — dy)™(z — dy)™.
Trudng hop 1. ¢ > 4, mo = 1, nghia la m; > 2, my = 1. Khi d6
P(z) =a(z —d)™ ™ (z = b)) +b, P'(2) =aq(z—d)™(z — dy),

P(2) =alz —d)™ " 4 a(dy — b))(z —d)™ ™ +b, dy #by.

f—d

bat —B =d; — =
at d1 bl, h L—d1

,g=L—dy. Tu P(f) = P(L) ta ¢
(f =d)™ ™ = B(f —d))™ " = (L —d)™"* = B(L —dy)™"", (18)

trong d6 B # 0.

Cha ¥ rang, phuong trinh 2™ 2

—1 = 0 c6 m+2 nghiém don, phuong
trinh 2™% —1 = 0 ¢c6 m; + 1 nghiém don. Cho t1,ts, ..., ., (tuong tng,
71,72, ..., Tm,+1) 12 cdc nghiém cta don vi cia bac my + 1 (tuong ing,
mi+2),t;#1,1=1,2,...,my, (tuong ing r; # 1, i =1,2,... ,my+1).
Vi ged(my + 1,mq + 2) = 1 nén cic phuong trinh 2™t —1 = 0 v&

z™+2 _ 1 =0 c6 cac nghiem khac nhau trit z = 1. Khi d6 ¢, ts, . .. -
VA T1,T9, ..., Tmy41 12 tat c& cac nghiém sao cho ¢; # r; véi moi 4, j. Do
do ——
L —d = [T
pmtl (h—t1) -+ (h—tn,)

=B =B

= = : 1.
9 B2 _ | (h—7r1) - (h — rmy1) (1.9)

Gia st h khong 1a hing s6. Cha ¥ rang, L chi ¢6 thé c6 mot cuc diém
tai s = 1. Do d6 g = L — d; chi ¢6 thé ¢6 mot cyce diém tai s = 1. Vay
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N(r,g) = N(r,L) = S(r,L). Tt day va (1.9) ta nhan dugc:

it
ﬂnm=TQﬁﬁ@jq)=@u+nﬂnm+oux

T, 1) = ——T(r,9) +O(1) = ——T(r,1) + O(1).
ZN<T’him) = N(r,L)=S5(r,L) (1.10)

Tu (1.9) va gia thiét L 13 mot ham phan hinh siéu viet, suy ra h cling la
ham phan hinh siéu viét va S(r,h) = S(r,g) = S(r, L). Khi d6, dp dung
Dinh 1y co ban thit hai d6i voi t1,te,. ..ty T1,72, -+« s Timya1, 00 (1.9) vA
(1.10) ta nhan dugc:

2
"™ 7, L) < (my + 1)T(r,h) + S(r, L)
my + 1
my+ 1
_ T(r L L
LT, L)+ S(r. L),
2
LT, L) < T(r, L) + S(r, L),
m1—|—1
m1—1
T(r L) < S(r.L).
m1+1 (lr7 )—S(T7 )

Diéu nay mau thuan véi gia thiét m; > 2. Vay h 1a mot hing s6. Ut do,

két hop vdéi (1.9), suy ra
KMt =1 va R =1

Dodé h=1va L= f.
Trudng hgp 2. ¢ > 6 va mo > 2, nghia la mo > 2 va m; + mo > 5.
Chu y rang diéu kien (F) luon dang khi & = 2. Mat khac, min{my, mo} >
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2. Tit day va ap dung Bo6 dé 1.1.7 v6i ¢; = my,i = 1,..., k, suy ra P(2)
la da thiic duy nhat. Két hop véi P(f) = P(L), ta nhan duge f = L.
2) my > 2 néu k = 3.
Néu k = 3 vivmy > 2 thi max{my, my,ms} > 2. Ap dung B6 dé 1.1.7
voi ¢; =my,i=1,...,k taco P(z) la da thic duy nhat va do d6 f = L.
3) k> 4.
Ap dung B6 dé 1.1.7v6i ¢; = m;,i = 1,...,k ta ¢6

k
1

1<i<j<k i=

luon dang néu k > 4. Vay P(z) la da thic duy nhat va do d6 f = L
theo Bo dé 1.1.7.
Dinh Iy 1.2.3 duge chtiing minh. []

Ap dung Dinh Iy 1.2.3 ta nhan dugc Dinh ly 1.2.4 sau day.

Dinh 1y 1.2.4. Cho f la ham phan hinh khdc hang, cé hiu han cuc
diém, L la mot L-ham, P(z) dugc zdc dinh nhu trong (1.3) véi cac diéu
kien (1.4), (1.5), (1.6) va cho P(2) la da thitc duy nhat trén S x M(C),
S ={z: P(z) = 0}. Gid st q > 2(mg + -+ my) + 3. Khi dé néu
EL(S)=E¢(S) thi L = f.

Chatng minh. Ta viét
P(z) = (z—d)™"'Q(z) +b, b= P(dy) #0.

Do P(z) la da thitc ¢6 bac ¢ nén Q(z) la da thiic ¢6 bac ¢ —my — 1. Khi
do
P(L) = (L = di)"™ "' Q(L) + 0,
P(f) = (f —d)™"Q(f) +0.
Trudc tién ta chiing minh:
Khang dinh 1.
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i) (¢ = 1)T(r, L)+ S(r, L) < qT(r, f) + S(r, f),

it) (g —2)T(r, f) + S(r, ) < qT'(r, L) + S(r, L),

iii) S(r,L) = o(T(r, f)) va S(r, f) = o(T(r, L)).

Chiing minh.

That vay, ap dung Dinh 1y co ban thit hai cho ham L va cac gia tri

a, a, . .., aq, ta co:

(G- DT L) <N D)+ YN (r, . ! a.) +S(r L),

Tit d6, két hop v6i N(r,L) = S(r, L) va Er(S) = E4(S), ta nhan duge:

(q—V)T(r,L)+ S(r,L) < ZN <r, f—la-) + S(r, f)

7

<qT(r, f)+ S(r, f).

Do doé
(¢ —V)T(r,L)+ S(r,L) < qT(r, f) + 5(r, f).

Do doé
(q—=2)T(r,f)+ S(r, f) < qT(r,L)+ S(r,L).

Vay

%T(r, L)+ S(r.L) S T(r.f) + S ) € 5T ) + S0 ).
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T2, )+ S 1) < T(r L)+ S0, L) < —2T(r, ) + S0 ).

q a-
Do do6
S(r, L) L SD) S(r, L)
4 ; i)+ seony L HESES) q— ZT(T L)+ S(r.L)
S(r, f) - S(r, f) S S(r, f) .
LT+ Sy TR TSR T ST ) 50 )
; _
Dé y ring:
lim 1 S L) =0,
ree qTT(r L)+ S(r,L)
i g e -0
- 2T(7" L)+ S(r,L)
lim S(r. J) =0,
r—oo ¢ — 2
TT(?” )+ S f)
lim q S, J) = 0.
e TACT IR ICT)
Do do6
lim S(r, L) =0, lim 5(r. /) =0
r=o0 T(r, f) + S(r, f) " rooo T(r, L) + S(r, L) '
Mat khac ta c6
S, L) . S0 L)T(r, f) +S(r, f)
Lim T, f) i T(r, /)T(r, f) + S(r, f)
T S(r, L) T(r,f)+S(r, f)
r—00 T( f) + S(?”, f) T(Ta f




Tit d6, két hop véi

ta nhan dugc

. S(r,L)
| = 0.
AT )
Tuong ty ta co
lim S0, f) 0.
r—00 T(r7 )

Khang dinh 1 dugce ching minh.

Ta ky hieu S(r) = S(r, f) + S(r, L). Tit Khang dinh 1 ta c6 S(r) =
S(r,L) va S(r)=S(r, f).

Khang dinh 2. P(L) = hP(f), & d6 h 13 mot ham nhé déi véi f va

L.
Ching minh.
Tu L va f chia sé S CM ta c¢6

P(L) _(L—d)™ "' QL) +b _ o o
P(f) (f—dy)™TQ(f)+b R ; (1.11)

d d6 R # 0 la mot ham hiu ty va ¢(z) 14 mot ham nguyén. Khi do ti
Bo dé 1.1.4 va Bo dé 1.1.18 ta nhan duge
)+O0(1), T(r,P(f))=nT(r,f)+O(),
p(P(L)) =p(L) =1, p(P(f))=p(f)=1

it d6, két hop véi (1.11) va theo Bo dé 1.1.11, dé y rang p(R) = 0 tit Vi
du 1.1.10 i), ta ¢6
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& do A, B 1a cac hiing s6. Dat h(z) = Re?®). Khi d6
T(r,h) <T(r,R)+T(r,e?*) = —r+ O(logr).
T

Do d6 ta nhan duge T'(r, h) = O(r) vavivay T'(r,h) = o(T(r, L)). Tt d6,
két hop véi dieu kien T'(r, f) = O(T(r, L)), tasuy ra T(r,1) = o(T(r, f)).
Vay h 1a mot ham nhé déi véi f va L.

Khang dinh 2 dudce ching minh.

Bay gio ta tiép tuc ching minh Dinh 1y 1.2.4.

T Khéng dinh 2 ta suy ra:

(L= )™ QL) —b(h— 1) = h(f —d)" V'Q(f).  (112)

Ta sé ching minh A = 1. Gia stt h # 1. Ap dung Dinh 1y ¢o ban thi hai
d6i v6i ham: (L — dy)™ ™ Q(L) va cadc ham nhé oo, 0,b(h — 1), va chu ¥
rang T(r, f) = T(r,L) + S(r), N(r,L) = S(r), N(r, L) = S(r) va bac
cia Q(z)lag—my—1,¢—my =mg+---+mg + 1, ta nhan duge:

qT(r,L) +O(1) = T(r,(L — &)™ ' Q(L))

< N(r, (L —d)™ QL))

N ( (- dﬂiﬁl@l@))

N ( (L= )" QL) — b(h - 1>) o
<N L)+ N (7’, L_;d) A (T’ ﬁ>
o (v Gy + 5

<(¢—m)T(r,L) + N (T’ f —1 dl)

+ N (r, %) + S(r)
< (q—m)(T(r, f) +T(r,L)) + 5(r)
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<2(mao+ -+ myp +1)T(r, L)+ S(r).
Do doé
(g—2(mog+---+mg)—2)T(r,L) < S(r).

Diéu nay mau thuan véi gia thiét ¢ > 2(mg + - -+ + my) + 3.
Vay h =1 va tut (1.12) ta nhan dugce

(L= d)™ QL) +b=(f —di)" " Q(f) + b,

nghia 1a P(L) = P(f). Do P(2) la da thitc duy nhat tren S x M(C) ta
nhan dugec L = f.
Dinh 1y 1.2.4 dugc chiing minh. H

T Dinh Iy 1.2.3 va Dinh 1y 1.2.4 ta nhan dugc hé qua sau.
Chon,m € N*, a € C, a # 0. Xét da thic Pg(z) € C[z] c6 dang sau:

- 1)Z n+m—+1—¢ 1 _
Pk (z) = (n+m+1) <Z§;< >n+m+1—zz >+1 Qr(2)+1,
(1.13)

trong do6

Qr(z)=n+m+1) (Z( )n+mi)i122n+m+liai>'

2

Gia st rang

Qr () n—l—m—i—l (Z< >n+mi)zl_z> an+m+17é_17

7

nghia la

Pr(a) # 0, (1.14)
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va gia s

a#0, Qgla)#—1. (1.15)
Khi d6 Pj(2) = (n+m + 1)2"(z — a)™ v& P} ¢c6 mot khong diém tai 0
bac n va mot khong diém tai a bac m. Chi y rang Py (z) c6 khong diem
don khi va chi khi diéu kién (1.15) x4y ra.

Hé qua 1.2.5. Cho f la ham phan hinh khdc hdng cé hitu han cuc diém,
L la mot L-ham, va Pg(z) duge dinh nghia nhu trong (1.13) vdi cac dicu
kién (1.14) va (1.15), Sk = {z: Px(2) = 0}. Khi do:
i) Neun > 3,m =1 thy Px(2) la da thic duy nhat tren S x M(C).
i) Néu Er(Sg) = Ef(Sk) van>m+2 thi L = f.

Chimg minh. i) Ta c¢6 Pi(z) = (n+m + 1)2"(z — a)™. Ap dung Dinh
Iy 1.23v6i k =2,n=my,m =me =1, = n+ m + 1, ta nhan dugc
Pr(z) 1a da thiic duy nhat tren S x M(C) néun > 3,m = 1.

ii) Ta kiém tra gia thiét ctia Dinh 1y 1.2.4. Ta ¢6 P(2) = (n +m +
1)z"(z—a)™. Khido k =2,m; =n,ms =m,q=n+m+1. Tiin >m+2
tasuy ran+m+1 > 2m + 3, tic 1a ¢ > 2ms + 3. Ap dung Dinh 1y
1.2.4, ta nhan duge L = f néu EL(Sk) = Ef(Sk) van > m+ 2. O

Chi § 1.2.6. 1) He qua 1.2.5 ii) chinh 1a Dinh Iy 2 cia H. H. Khoai,
V. H. An va N. D. Phuong [34]. Vay Dinh Iy 1.2.4 14 mot mé rong cia
Dinh 1y 2 [34].

ii) Dinh 1y 5 clia Q.-Q. Yuan, X.-M. Li va H.-X. Yi [70] dua ra mot
16p cac tap duy nhat ctia L-ham chia sé tap hop véi 7 phan tit v6i ham
phan hinh khac hing c6 hitu han cuc diém. Hé qua 1.2.5 ii) dua ra mot
16p cac tap duy nhat ctia L-ham chia sé tap hop v6i 5 phan ti véi ham
phan hinh khac hing c6 hitu han cuc diém. Vay Dinh 1y 1.2.4 1a mot cai
tién ctia Dinh 1y 5 [70].

Vi du 1.2.7. Cho da thitc P(z) € C[z] c6 dang:

P(2) =42 = 52* +2 = Q(2) + 1,
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§dé Q(z) = 42° — 5zt + 1.

Ky hieu S = {z: P(z) = 0}. (1.16)

Khi doé:
i) P(z) la da thiic duy nhat tren S x M(C).
ii) P(z) khong 1a da thitc duy nhat cho cac ham phan hinh.
iii) L = f néu EL(S) = E¢(S), 6 d6 f la ham phan hinh khéc hang

¢6 hitu han cuc diém, L 1a mot L-ham.

Ching minh. i) That vay, tit P(z) = 42° —5z1+2 tac6 P'(2) = 2023(2 —
1). Tt d6, ta thay P’'(z) c6 khong diém dy = 0 (v6i boi my = 3) vivdy = 1
(v6i boi my = 1). Da thiic ¢6 bac ¢ = 5. Ta kiém tra thay P(0) =2 # 0
vaP(1)=1#0.Vik=2,¢=5>4vamy =1, ap dung tryc tiép Dinh
Iy 1.2.3, ta nhan dugce P(z) la da thic duy nhat tren S x M(C).

ii) Gid st P(z) la da thic duy nhat cho cac ham phan hinh. Khi
d6, ap dung Bo dé 1.1.7 t6i P(z) véi k = 2, m; = 3,my = 1 suy ra
min{3,1} = 1 Z 2. Day 1a mot mau thuan. Vay P(z) khong la da thic
duy nhat cho cdc ham phan hinh.

iii) Taco k =2, mg=1va qg=05. Viqg>2myg+ 3, 4p dung Dinh Iy
1.2.4, ta nhan duge L = f. []

1.3 Su phu thuéc tuyén tinh déi véi L-ham
va ham phan hinh cé hitu han cuc diém
chia sé cac tap hitu han

Xét cac da thic P(z) va Q(z) € Clz] bac n c¢6 dang sau:

P(z)=az"+bz"""+¢, v6ia,b,c#0, (1.17)
Q(z) =uz" +v2"""+1t, Vv6iu,v,t#O0. (1.18)

39



Gid su

£

b n"
un—mtm (_1)n(n _ m)n—mmm

o n"

, (1.19)

(1.20)

Cht y ring, da thitc P(z) (tuong ting Q(z)) c¢6 n khong diém don
phan biét néu va chi néu diéu kién (1.19) (tuong tng (1.20)) duge thoa
man (xem [39], Bo dé 2.7, trang 151).

Dinh 1y 1.3.1. Cho m,n la cdc s6 nguyén duong sao cho n > 2m + 3,
P(2),Q(z) la cic da thic dang (1.17) va (1.18) vdi dieu kién (1.19) va
(1.20) va cho S, T lan lugt la cac tap khong diem cia P(z),Q(z). Gid
st f la ham phan hinh khdc hing ¢ hitu han cuc diém trong mdat phdng
phitc C va L la mot L-ham. Kht do ta co:

1) EL(S) = E¢(T) néu va chi néu f = hL va hS =T, vdi h la hang

z t
so khac khong thoa man h" = il va h™ = 4.
cu ub ;
2) Er,(S) = Er,(T) néu va chi néu Ly = Lo, a2 g va S =T,
u v

trong do Ly, Ly la cac L-ham.

Chitng minh. Ta chiing minh 7). Nhic lai rang
P(z)=az"+02""+4¢, Qz)=uz"+v"""+1,
véi a, b, c,u,v,t # 0. Khi dé, ta co

Pz)=a(z—a1) - (2 —an), PL)=a(L—ay) - (L—a,), (1.21)
Q(z) =u(z=b)---(z=bn), QU) =ulf—br)---(f—bn). (1.22)

Diéu kién can. Gia st n > 2m + 3 va Er(S) = E¢(T).

Cha y rang, T'(r, P(L)) =nT(r, L) + O(1), T(r,Q(f)) = nT(r, f) +
O(1) theo Bb dé 1.1.4. Tt day va ding ly luan tuong tu nhu Khang dinh
1 ctia Dinh 1y 1.2.4 ta co:

Khang dinh 1.
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i) (n—1DT(r,L)+ S(r,L) <nT(r, f)+ S(r, f),
ii) (n— V)T (r, f)+S(r, f) <nT(r,L)+ S(r, L),
iii) S(r,L) = o(T(r, f)) va S(r, f) = o(T(r, L)).
Viét

P(z) =2""R(2)+¢, Q(z)=2""Ri(z)+t,

trong d6 R(z) = az™ + b, Ri(z) =uz™ + v la cac da thic bac m. T
Bo6 dé 1.1.4 va B6 dé 1.1.18 ta nhan dudgc

T(r,P(L))
p(P(L))

nT(r, L)+ O(1), T(r,Q(f))
p(L) =1, p(Q(f))=p(f) =1

nT(r, f)+ O(1),

Vi Er(S) = E¢(T) va f ¢6 hitu han cuc diém nén ap dung Bo dé 1.1.9
ta co
QUf)  ["TMRi(f) +t

— — Ryef?) 1.23
P(L)  L"™mR(L)+c 2 (1.23)

trong d6 Rs # 0 la mot ham hitu ty va ¢(2) la mdt ham nguyén. T day
va (1.23), theo Bo dé 1.1.11, va dé y ring p(Rs) = 0 tit Vi du 1.1.10 i),

ta co

S = ( Rflﬁ@)) < max{p(Ra). p(Q(f)), o(P(L))}
=p(L) =

1, ¢(z) =Az+ B,

v6i A, B 1a cac hang s6. Dat

1(z) = Rye?™, (1.24)
2 . t
Khang dinh 2. [(z) = -.
c
Chiing minh. Tt (1.24) dan dén

T(r,l) <T(r,Ry) +T(r,e¥) = |A‘7“ + O(logr).

v
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Do dé ta nhan duge T'(r, 1) = O(r) va vi vay T(r,1) = o(T(r, L)). Tt do,
két hop véi dieu kien T'(r, f) = O(T(r, L)), tasuy ra T'(r,1) = o(T(r, f)).
Vay [ 1a mot ham nhé déi véi f va L.

Dat S(r) = S(r, f) + S(r, L). Tt Khang dinh 1 iii), ta c6 S(r) =
S(r, f) va S(r) = S(r, L). Tt do, két hop véi (1.23), ta c6

QUf) =uff+ovf" ™ +t=I1P(L)=1l(al” +bL" " + ¢),
T(r,l)=S(r), T, Q(f)=nT(r,f)+O()=nT(r,L)+ S(r).

Vay

T(r, f) + S(r) = T(r, L) + S(r), (1.25)
Frmuf™ 4 v) — (le — t) = IL" ™ (al™ + b). (1.26)

t )
Giasul #Z —. Khi d6 lc —t # 0 va lc — t 1a mot ham nhé doi véi
c
f va L. Ap dung Dinh 1§ co ban thtt nhat va Dinh 1§ co ban tht hai
vl muc tieu di dong déi v6i ham [ ™ (uf™ + v) va cac gia tri 0,lc — t.
Dong thoi, két hop cac he thie N(r, L) = S(r), N(r, f) = S(r) cung véi
Khang dinh 1 v& cac phuong trinh (1.25), (1.26), ta nhan dugc:

NQﬁ)gTWD+WD:SW’
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Do doé
(n—2m —2)T(r, f) < S(r).

Diéu nay mau thuan véi gia thiét n > 2m + 3. Vay [ = £ va

FUTR) = SDTTR(D), uft o oft = H(alt + b (1.2)

Dé don gian, dat h =
nhan dugce tur (1.27)

ul™ (h” — a_t) = —v (h”_m — E) :
cu ve

,va =2 20, g =20 Khidbta

Sl

L™(h" —a) = —a(h”_m B),
m _Bhn_m . 6
i (1.28)

Khang dinh 3. h la mot hing so.
Gia st ngugc lai, h khong 1a hing s6. Xét cac trudng hop cé thé sau:
Truong hop 1. Cac da thic 2" — a v 2"~™ — 3 khong c6 khong diem

chung.

Khi d6 phuong trinh 2" —a = 0 ¢6 n nghiém don phan biét aq, ..., ay,
va phuong trinh 2"~ —f = 0 c6 n—m nghiém don phan biét 31, ..., 8,_m
sao cho 3; # «;.

Viét



h'—a=(h—a))(h—a) - (h—ay,),
hn_m_ﬁz (h_ﬁl)(h_BQ)”'(h_Bn—m)'

Ap dung hai dinh 1y co ban cho ham h va cac gia triaq, ..., an, 51, ..., Buem,

va chi ¥ réng
mT(r,L)+O(1) =T(r, L") =T(r,h") =nT(r,h) + O(1),

S(r) = S(hr) = N(r, L), SN <7“, ! ) < N(r,L) = S(r).

ta nhan dugc

Day 13 mot mau thuan véi gid thiét n > 2m + 3.
Truong hop 2. Cac da thiic 2" —a va 2"~™ — B ¢6 khong diém chung.
Cho 2 1a mot khong diém chung ctia 2" — a va 2™ — 3, khi d6 ta
c6 2§ = a va zy7™ = B. Tu d6, két hop véi (1.28), ta nhan dugc

-~ (ﬁ)nm—1
h _/Bzé 20
h" — o o (Q)n_l ’
h n—m
L _@<5) ~l_ peH 1 (1.29)
 au (ﬁ)n_l au H"—1" '



h
6do H=—
<0
T gia thiét h khong 14 hang s6 nén ta thay rang H khong 1a hing
s6. Dat ged(n,m) = ¢, ta c¢6 t < m va cac da thic 2" — 1 va 2™ — 1 ¢6
t khong diém chung. Khi d6, cac nghiém clia 2"~™ — 1 = 0 1a khéc cac

nghiém ctia 2" — 1 = 0, trit ra ¢t khong diém chung. Vay phuong trinh

Z"™m—1=0c6 n—m—tnghiém don phan biét 31,..., 5, s, va phuong
trinh 2" — 1 = 0 ¢c6 n — t nghiém don phan biét aq,...,a,_; sao cho
Bi # ;.

T (1.29) va theo 1y luan tuong ty nhu trong chitng minh ctia Trudng
hop 1 va cha § rang S(H,r) = S(h,r) = S(r), ta nhan dugc

n—t
— 1
2n—m — 2t —2)T H < N
on 701 < 3N (1)

) Zt (rH @)—FS(H,T),

=1

+
ZI

(2n—m —2t—2)T(r,H)
(n— 1~ 2)T(r, H)

IA

(n—m—t)T(r,H)+ S(H,r),
S(H,r).

IA

Day 13 mot mau thuan véi gid thiét n > 2m + 3.

Do dé6 tit Truong hop 1 va Truong hop 2 ta nhan dudce h 1a mot hang
s6. Khang dinh 3 dugc ching minh.

Tw do suy ra

(@l +bL" ™ +c)=uf"+off"™"+t, =

t
C’
t

all" +blL" ™™ +cl =uh"L" +vh" "L + (1.30)

Tt phuong trinh (1.30) ta nhan duge
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Do doé h
at " av
=L = _w
cu’ hn=m b
Bay gio ta ching minh AS = T. V6i méi a; € S (i = 1,...,n),
theo B6 dé 1.1.16, ton tai zy € C sao cho L(zy) — a; = 0. Hon ntta, tit

[P(L)=Q(f) va (1.21), (1.22), ta nhan dugc

P(L)=a(L—ay) - (L —ay),
Q(f) = ulf —br) - (f = bn);
la(L—ay) - (L—ap) =u(f—0b1) - (f —bp). (1.31)

Tu (1.31) ta thay rang: L(z) — a; = 0 néu va chi néu z; 1a mot khong
diém ctia P(L) va L(z) —a; # 0 v6i i # j, do d6, ton tai duy nhat mot
b € {b1,...,b,} sao cho f(z9)—br = 0. Vi f =hL,tacohL(z)—b; =0,
va do d6 ha; = by. Tu do6, két hgp véi viec sb6 lugng phan ti cia S va T
déu bang n, ta suy ra hS =T.

Diéu kién di. Ta co:

P(L)=aLl"+bL" ™ +¢, Qf)=uf"+uvf""+t,

fehn, m= ogm_ %
cu ub

Q(f) =uh"L" +vh" "L + ¢,

Do do,

va

at(L—ay)---(L—a,) =cu(f —b1) - (f —by).

Tu d6 suy ra EL(S) = E¢(T).
Ta chiing minh 2).
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Diéu kien can. Ta c6: Ep (S) = Ep,(T). Khi d6, theo i) ta nhan
ducc: Ly = hLy va hS =T, trong d6 h 1a mot hang s6 khac 0 thdéa méan

t ? N
pr =L pm = a—z Theo B8 dé 1.1.17, ta nhan duge L, = Ly, va khi d6
cu u
b
h=12=-2_-Sws=r
U v t

Dieu kién di. Bang lap luan tuong ty nhu trong phan chiing minh
clia i), ta suy ra diéu kién du cla ii).
Dinh Iy 1.3.1 dugc chiing minh. [l

Ap dung Dinh 1y 1.3.1 ta c¢6 dinh 1y sau:

Dinh 1y 1.3.2. Cho m,n la cic s6 nguyén duong sao cho ged(n,m) =1
van > 2m + 3, cho P(2) la da thic dang (1.17) vdi diéu kiéen (1.19),
va cho S la tap hop cdc khong diém cia P(2). Gid su L la mot L-ham
va f la mot ham phan hinh khdc hang cé hiu han cuc diém théa man
Er(S)=E¢(S). Khido f = L.

Chiing minh. That vay, ap dung Dinh 1y 1.3.1 v6i P(2) = Q(2),S =T,
ta nhan dugc: f = hL v hS = S, 6 d6 h 13 hang s6 khac 0 théa man
t
pr=2 21 = %Y — 1. Vi ged(n,m) = 1 ta nhan duoc h = 1. Vay
cu ub
F=1 0
Cho mot L-ham L vd f mot ham phan hinh khac hang cé hitu han
cyc diem, S, T 1an luot 1a tap hop cac khong diém ciia cac da thitc P(z)

va Q(z). Cac vi du sau la 4p dung cia Dinh 1y 1.3.1.

Vi du 1.3.3. Cho

5)
P(z):z5—1z4—|—1, S ={ay,...,as},

5
Qz) = 2° — §z4+25, T ={by,...,bs}.

Khi dé
Er(S) = Ef(T) néu va chi néu f =2L, 25 =T.
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Chimg minh. Diéu kién can. Ta kiém tra cac diéu kien (1.19), (1.20). Ta

co

5 5
a=u=1,b=—-"c=1,v=—=, t=2°
4 2
4° 44
< : ) o 5
ApdungDmhlyl.S.lvdln:S,mzl,a:uzl,b:—z,c:l,
v:—g,t:25,tanhand1rcjc:
t
f=2L 28=T, 6d62=2"—=92 L _o
cu ub
. N t
Diéu kien di. Gia st f = 2L va 25 = T. Chd § tiing — = 25 v
cu
2% _ 9 khi d6 do
ub
5 D44, of 5 (75 94 5
QU = =5 +22=2(L°— L' +1) =2P(L),
ta nhan dugc
25(L—a1)---(L—a5):(f—bl)---(f—b5). ]

Vi du 1.3.4. Cho

P(z) = 2" — 224 + 1.

Khi do
EL(S) = Ef(S) néuvachinéu f=L.
Chiing minh. Diéu kien can. Ta c6 P(z) ¢6 5 khong diém don phan biét.
Ap dung Dinh 1y 1.3.2 v6i n = 5, m = 1, va cha § réng ged(5,1) = 1,
ta nhan dugc f = L.
Dieu kien du. Gia st f = L. Do

P(f):f5—§f4+1:L5—ZL4+1:P(L),

48



ta nhan dugc

(L—ai) - (L—as)=(f=b1)-(f = b5)

Twu do6 suy ra EL(S) = Es(95).
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Két luan Chuong 1

Trong Chuong 1, luan an da thuyc hiéen mot s6 noi dung sau:

1. Tong hop 1y thuyét vé cac ham Nevanlinna, mot s6 tinh chat va
cac dang dinh 1y co ban cho ham phan hinh, cung véi cac khai niém va
tinh chat co ban vé L-ham thuoc 16p Selberg lam cong cu nghién citu
cho cac chuong tiép theo.

2. Phat biéu va ching minh mot diéu kien du dé mot da thic la da
thic duy nhat (Dinh 1y 1.2.3) trén cdc L-ham va ham phan hinh. Phat
bieu va ching minh diéu kién dd dé tap hop cac khong diém cia da
thitc duy nhat trén cdc L-ham va ham phan hinh 1& tap duy nhat déi
v6i L-ham chia sé tap hop hitu han véi ham phan hinh khac hang c6
hitu han cyc diém (Dinh 1y 1.2.4). Tu d6, xac lap dudc mot 16p céc
tap duy nhat gom 5 phan tit d6i v6i L-ham chia sé tap hop hitu han véi
ham phan hinh khéc hing c6 hitu han cyc diém (Hé qua 1.2.5).

3. Phat biéu va ching minh diéu kién can va di dé mot ham phan
hinh khéc hing c6 hitu han cuc diém va mot L-ham phu thudc tuyén
tinh khi ching chia sé hai 16p cta cac tap hgp httu han (Dinh 1y 1.3.1).
Trén co s do, dua ra két qua vé mot 16p cac tap duy nhat doi véi L-ham
chia sé tap hop gom 5 phan tit v6i ham phan hinh khac hing c6 hitu han
cyc diém (Dinh 1y 1.3.2).

50



Chuong 2

Van dé duy nhat cho L-ham va ham
phan hinh

2.1 Mot s6 khai niém va két qua bo trg

Dinh nghia 2.1.1. Cho f 1a mot ham phan hinh khac hang va k,d la
cac s6 nguyen duong. Ta ky hieu N (r, f), Ngy(r, f) lan lugt la ham
dém céc cuc diém c6 boi > k va boi < k clia f, 6 d6 mdi cuc diém duge
. — 1\ — 1\ .. )
tinh mot lan. Ta ky hicu N <7’, ?), Ny (r, ?> lan lugt la ham dem
cac khong diém c6 boi > k va boi < k cta f, 6 d6 mdi khong diém duge

tinh mot lan.

N — 1
Cho f, g la hai ham phan hinh khac hang, ky hiéu N (r, —

79 7 0)
13 ham dém tai cac khong diém ctia f ma khong phai 1a khong diém ctia

g, 6 d6 mdi diem duge tinh mot lan.

B6 dé 2.1.2 ([31], B& dé 2.3, trang 128). Cho f, g la hai ham phan hinh
khac hang sao cho Ef(0) = E,(0). Dat
1 1 F// G//

F=>, G=- H=-_%_
Py e,



Hon nita, néu a la khong diém don chung cia f va g thi H(a) = 0.

Bo6 dé 2.1.3 ([16], Menh dé 7.1, trang 1200). Cho P(z) la mot da thic
c6 bac ¢ > 5, duge xdc dinh nhu trong (1.3) vdi cic dieu kién (1.4) va
(F) duogc thiét lap ¢ Chuong 1. Gid st ton tai hai ham phan hinh khdc
hang f va g sao cho:

1 Co

P(H " Pl

doi vdi hai hang s6 co # 0 va c.

Néu k > 3 hode néu k = 2, min{my, ma} > 2 thi ¢; = 0.

B6 dé 2.1.4. Cho f ham phan hinh khdc hang. Khi do

_ 1 1— 1 1 1
N ( f) e ( ?) =3V ( ?) '

Ching manh. Ta c6

|
=
N
=3
i
~——
N~

| + +
2= o
~ ~ N

A/~ -3
3 =3 | =
N——

_|_
E
VR
=3

N———
N—

+
=
[\
VR
=

=2
VR

=3
|

[]
Bo dé 2.1.5 ([44], B6 dé 2.7, trang 591). Cho a,b,c,u,v,t #0, n,m la
hai s6 nguyén duong, st dung cic da thic P(z),Q(z) ¢6 dang (1.17) va
(1.18) ¢ Chuong 1. Gid st ton tai hai ham phan hinh khdc hang f va g
sao cho:




doi vdi hat hang so cy # 0 va c;.

Néun > 2m+ 3, ged(n,m) = 1 hodgc m > 3 thi ¢; = 0.

2.2 Phan bé gia tri va tap xac dinh duy
nhat déi v6i L-ham chia sé tap hitu han
vGi ham phan hinh

Trudc tién, ta ching minh dinh 1y sau.

Dinh 1y 2.2.1. Cho P(2) la mot da thic cé bac q > 4, dugc zdac dinh
nhu trong (1.3) vdi cic dieu kién (1.4), (1.5), (1.6) & Chuong 1. Gid si
P(2) la da thic duy nhat trén S x M(C) va mot trong cdc diéu kién sau
duoge thoa man:

1) P(d;)P(d;) # P(dy)? vdi moii,j € {1,2, ...k} vamy > 2.

2) my > my + 2.

Khi d6 P(z) la mot da thiic duy nhat manh trén S x M(C).

Chiing minh. Gid st P(L) = cP(f), trong d6 ¢ # 0 va (L, f) € S x
M(C). bat Q(z) =a(z —by) -+ (2 — by—m,—1). Ch ¥ rang

P(z)=a(z —d)™ ™ (z—=b)) (2 = byn,-1) + b

va

P(z)=a(z —ay) - (2 —ay), (2.1)

tI‘OIlg do a 7£ 0, b= P(dl) 7& 0, bl 7& bj, dl 7é bi, a; 7& a;.
Khi do, tur (2.1) va P(L) = cP(f), suy ra

P(z) = (z — d))™™Q(z) +b, b#0. (2.2)
Vi vay,
a(L — dy)™ (L —by) - (L= by, 1) = (L —d)™ QL)
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=cP(f) —b

=c[(f —d)™'Q(f) +b] —b

=c |[(f —d)™™Q(f) —

Xét da thic R(z) € C[z] bac ¢ xac dinh bdi:

1—c¢
—

R(z) = (z = d)™"Q(2) = b

1) P(d;)P(dj) # V* véi moi 4,5 € {2,...,k} vamy > 2.
Truong hop 1. ¢ # 1.

Kha nang 1. R(2) chi c6 khong diém don.

Khi d6 ta viét R(z) dudi dang:

R(z) =A(z —c1)(z —c2) - -+ (2 — ¢).

Két hop (2.3) va (2.5), ta nhan dugc

(L —d)™ (L —=b1) - (L = by, 1) = Ac(f — 1) (f = c2) -+

Ap dung Dinh 1y co ban thi hai cho f va cac gia tri dy, [y, .

va chil ¥ rang

T(r,f)=T(r,L)+0O(1), S(r,f)=S5(rL),

N(r,L)=S(r,L), N(r,f)=S(r, L),

va

b(1 —c)
(2.3)

(2.4)

(f —cq).
(2.6)

g1




ta nhan dugc

Khi dé6 ta co
(¢q—D)T(r,L) < (¢q—my)T(r,L)+ S(r, L),

(my — )T (r,L) < S(r, L).

Diéu nay mau thuan véi gia thiét m, > 2.
Kha nang 2. R(z2) c6 khong diém véi boi 16n hon hodc bang 2.
Do ¢ # 1, b # 0 va két hop véi (2.4), ta nhan duge

1—c¢ b
R(z) = (2 — dl)mlﬂQ(z) —b = P(z) — = R(dy) # 0.
Twu do ta co A
R(dj) = P(d]) - Ea Jj =2, Kk

Hon niia, tu
R(z)=Pl(z)=alz —d)™(z —do)™ - (z = d;)"™ - (2 — dj)™
va P(z) thoa man diéu kién (F), ta thay rang:
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Néu R(z) c6 khong diém véi boi > 2 thi ton tai duy nhat mot khong
diém d;, v6i i € {2,. ...k}, ¢6 boi > 2. Do d6

(2.7)

Mat khac, tit P(L) = cP(f), ta thay dugc

P(L) = be = (L —di)™'Q(L) — b(c — 1)
= c(f —di)™'Q(f)
=ca(f —d)"(f =b1) - (f = bgomi1). (2.8)

T (2.8), ta xét da thiic bac ¢:
T(z) = P(2) —bc = (z — d)™ ™ Q(2) — b(c — 1). (2.9)

Bay gio ta chitng minh T'(2) chi c6 khong diém don. That vay, gid st
T(z) c¢6 khong diém bai 16n hon hoiic bang 2. Do ¢ # 1, b # 0, két hop
v6i (2.9), ta nhan duge T'(dy) = —b(c — 1) # 0. Hon nta, tu

T'(z) = P'(z) = aq(z — )™ (z = d2)"* - - (2 = dj)"™ - -+ (2 — dp)™
va P(z) théa man diéu kien (F), ta thay rang:

Néu T'(z) c6 khong diém véi boi 16n hon hozic bang 2 thi ton tai duy
nhat mot khong diém d;, v6i j € {2,...,k}, ¢6 boi > 2. Do d6

P(d;
P(dj) —bc=0, c= (b])' (2.10)
Két hop (2.7) va (2.10), ta co:
b _ P(d))
— — r)d/di’d’ d,...,d .
C P(di) 5 , 0do ]6{2 k}

T d6 suy ra P(d;)P(d;) = b* v6ii,j € {2,...,k}. Diéu nay mau thuin
v6i gia thiét P(d;)P(d;) # b* v6i moi 4,5 € {2,...,k}. Vay T(z) chi c6
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khong diém don. Khi d6 ta c6 thé viét T'(z) dusi dang

T(z) =aq(z —t1)(z —t2)--- (2 — t).

Tu do, két hop véi (2.8), ta nhan dugc

(L—t1)(L—ts) - - - (L—tg) = c(f—dy)™  (f=by) - - - (f —bgem,—1)- (2.11)

Dé ¥ ring hé thiic (2.11) tuong ty nhu he thitc (2.6), va bang lap luan
tuong tu nhu trong (2.6) ta nhan dugc mau thuan tt my > 2.

Trudng hgp 2. ¢ = 1. Khi d6 ta c6 P(L) = P(f). Vi P(z) la da
thitc duy nhat tren S x M(C) nén ta c6 L = f.

2) my > msa + 2.

Xét cac truong hop co thé sau:

Truong hop 1. ¢ # 1.

Khd nang 1. R(z) chi c¢6 khong diém don.

Bang 1ap luan tuong ty nhu Kha nang 1 trong 1), ta nhan dugc mot
mau thuan m; > me +2 > 2.

Khd nang 2. R(z) c¢6 khong diém véi boi 16n hon hodc bang 2.

Bang lap luan tuong tuy nhu trong Khi nang 2 ctia Truong hop 1
trong 1), ta nhan dugc:

Néu R(z) c6 khong diém vé6i boi > 2 thi ton tai duy nhat mot khong
diém d;, v6ii € {2,...,k}, c6 boi > 2.

Khi d6 ta viét R(z) dudi dang

R(z)=a(z —d)™ ™M (z—=1) (2 = lym,_1), miF#ms. (2.12)
Két hop (2.3) va (2.12) ta nhan dugc
(L=dy)™ (L=b1) - - (L=bgm,—1) = c(f=di)™ T (f=la) -+ - (f=lgmi1)-

Ap dung Dinh 1y co ban thi hai cho f va cac gia tri d;, 1y, ..., lg—m,—1 V&
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chi y réng:

~

(T’,f):T(T’,L)—I—O(l), S(T’,f):S(T’,L),
N(r,L)=S(r,L), N(r,f)=S(r,L),

va hé thic

Y <7“, ! ) < T(r,L)+S(r L),

q—m1—1
— 1
N(r, ) <(qg—my—1)T(r,L)+ S(r, L).
Khi do ta c6
(q —m; — 1)T(7n7 L) S (q - ml)T(Tv L) + S(T7 L)a

(my —m; — 1)T(r, L) < S(r, L).

Diéu nay mau thuan véi m; > mo + 2.
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Truong hgp 2. ¢ = 1. Khi d6 ta ¢6 P(L) = P(f). Vi P(z) la da
thitc duy nhat tren S x M(C) nén ta c6 L = f. []

Ap dung Dinh Iy 2.2.1 ta nhan dugc Dinh ly 2.2.2 sau day.

Dinh ly 2.2.2. Cho P(z) la da thic cé bac q > 5, dugc zdc dinh nhu
trong (1.3) vdi cac diéu kién (1.4), (1.5) va (1.6) dugc thiét lap ¢ Chuong
1. Cho P(2) la da thiic duy nhat manh tren Sx M(C) va S = {z : P(z) =
0}. Khi dé S la tap xdc dinh duy nhat trén S x M(C) néu diéu kién sau
duoc thoa man:

q > 2k + 4 va mg > 2.

Chitng minh. Tt Khang dinh 1 ctia Dinh 1 1.2.4, ta c6:
Khang dinh 1.
i) (q—=1)T(r, L)+ S(r, L) < ¢T(r, f) + S(r, f),
i) (¢ —=2)T(r, f) + S(r, f) < qT(r, L) + S(r, L),
iit) S(r, L) = o(T(r, f)) va S(r, f) = o(T(r, L)).
Dat
1 1 F" G

F=—— G=——, H=——

P(f)’ P(L)’ =~ S) =50 L)+ 5 f).

T iii) ta c6 S(r) = o(T(r, L)) va S(r) = o(T(r, f)).

Ta tim quan hé gitta f va L thong qua ham phu H.

Khang dinh 2. H =0 néu q¢ > 2k + 4.

Ching minh. Gia st H # 0.

Kha nang 1.

) = 070,0) < 8 (n s ) = Mo (7 ) #5096 8 (. 3)
1a ham dém cac khong diém cta L' va cac khong diem nay khong 13
khong diem ctia (L — a1)(L — ag) - -+ (L — ay).

i) (¢~ U0 f) < N(rf) + N (7’, ﬁ) ~ N, (r, l) L S(),
do Ny (r, %) la ham dém cac khong diém ctia f’ v cac khong diém nay
khong 14 khong diem cta (f —ay) -+ (f — a,).
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Chitng minh i) Ap dung Dinh 1y co ban thit hai cho L va cac gié tri

ai,as, ..., a0y, va chi y rang

e R ]

i=1

ta nhan ducc

(¢ —V)T(r,L) < N(r, L) +§q: <7", _al)—No(r,%)—l—S(r,L),

<q—1>T<r,L>sN(r, ﬁ) No( Ll) LS80,

Chitng minh i) Bat dang thiic cho f dugc chiing minh tuong tu.
Kha nang 1 dugc chitng minh.
Kha nang 2.

Ta c6
N(r,H) < KT (r, L)+KkT(r, f)+N(r, f)+Ng ( f,>+NO ( Ll,)JrS( ).

Chiing minh. Dé y rang H chi c¢6 céc cuc diém don, theo B dé 2.1.2
ta nhan dugc

N(T7 H) < N(2(T7 P(f)) +N(2(T7 P(L))

Mat khac, ta co

Ne(r,P(L)) = N(r,L) = S(r), Ne(r, P(f)) = N(r, f).
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Tuong ti, ta cling c6 danh gia doéi véi ham f:

N< [(1)],, ()#O)SkT(r,f)—l—No( >+S()

f/

Thay cic danh gid trén vao bat dang thic ctia N(r, H), ta tong hop
dugc:

N(r,H) < N(r,f)+ k[T (r, f) + T(r, L)]

() e (b) s e

Theo Dinh 1§ co ban thit hai cia Nevanlinna doéi véi bai toan chia sé
tap hop, khi H # 0, ta c6 bat ding thiic co ban sau:

(g —2) [T(r, f)+T(r, L)} <2N(r,f)+2N(r,L) + 2N (r, H)

- 2N0 (?“, %) - 2N0 <T’, %) +S(T)

(2.14)

Tit d6, két hop (2.13) vao (2.14) va dé ¥ rang N(r, L) = S(r), cac dai

lugng Ny bi triét tiéu hoan toan, ta suy ra:

(q T 2) [T(Tv f) + T(Tv L)] < QN(Tv f)
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+2|N(r, ) + K(T(r, f) + T, 1)) | + S(r)
= AN(r, f) + 2k[T(r, f) + T(r,L)] + S(r).

Chuyén vé, ta nhan dugc:
(C] — 2k — 2)T(7“, L) + (q — 2k — 2)T(T7 f) < 4N(T7 f) + S(T)

Kha nang 2 dugc ching minh.
Kha nang 3.

Ta co

+ N(r, f) + Ny (7’,—) + Ny (7’,?
it) (q—2k—=2)T(r,L)+ (q—2k—6)T(r, f) < S(r).
Chiing minh
i) Theo B6 dé 2.1.2, néu a la khong diém don chung ctia P(f) va
P(L) thi H(a) = 0. Do dé,

Vo (7 ) = (’P(1f> ¥ (- )

< T(r,H)+ S(r,H) < N(r S(r),

vim(r,H)=o(T(r,H)) va S(r, H) < S(r).
Khi d6, ap dung Bé dé 2.1.4 va Kha nang 2, ta nhan dudc

“(vpm) 2 (2m) ¥ (+717)

>—‘l\3>—l




ii) Ttr Kh& nang 1 va phan i) ctia kha nang 3, ta nhan duge

(2q —2)T(r, L) + (2q — 2)T(r, f) < (¢ +2k)T(r, L) + (q + 2k)T(r, f)
+4N(r, f) + S(r),

(g — 2k —2)T(r, L) + (g — 2k — 2)T'(r, f) < 4N(r, f) + S(r),
(q—2k —2)T(r, L) + (¢ — 2k — 6)T'(r, f) < S(r).

Kha nang 3 dugc chiing minh.

Bay gio, stt dung Khang dinh 1 va phan ii) cia Kha nang 3, ta sé chi
ra mot mau thuan, tir d6 suy ra H = 0.

Tit phan ii) ctia Kha nang 3 v phan i) ctia Khang dinh 1, ta nhan
dugc

(q—2k—=2)T(r,L)+ (¢ — 2k —6)T(r, f) < S(r),
%T(r, L) < T(r f).

Két hop hai bat dang thic trén, ta thu dugce:

[(q 2k —9) 4 (g — 2k — 6)%] T(r, L) < S(r)

& (2q — 4k — 9+ Qk; 6> T(r,L) < S(r). (2.15)
Xét
t(:z;‘):2:1:—4/€—9+2kx+6 véi x>2k+4, xeR.
Ta co

2k + 6
- 2

t'(x) =2 >0 vo6i x>2k+4, zeR

T
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T d6, két hop v6i g > 2k + 4, ta nhan dudc

t(q):Qq—4k—9+2k(;L6,
2k
{2k + 4) = 2kii—1>0,
Hq) > t(2k +4) > 0, 2q-4k—9+2kq+6 0.
Day la mot mau thuan véi (2.15).
VayHEIO. . \ /
Do doé P = 20 + ¢1 cho cac hang s6 ¢ # 0 va ¢q. Tu my > 2,

ap dung Bo dé 2.1.3, ta nhan dudc ¢; = 0. Do d6, ton tai mot hing s6
¢ # 0 sao cho P(L) = ¢P(f). Vi P(z) la da thitc duy nhat manh trén
S x M(C) nén ta nhan duge f = L.

Dinh 1y 2.2.2 dugce chiing minh. []

Tt Dinh 1y 2.2.1 va Dinh 1y 2.2.2, ta nhan dugc hé qua sau.

Hé qua 2.2.3. Cho f la ham phan hinh khdc hang, L la mot L-ham,
va P (2) duge dinh nghia nhu trong (1.13) vdi cic dieu kién (1.14) va
(1.15) ¢ Chuong 1, Sk = {z: Px(z) = 0}. Khi do:

i) Pi(z) la da thic duy nhat manh trén S x M(C) néu

Pg(0)+Pg(a) #0 wva n>3,m=1, hoic n>m+2 wvi m>2.

’LZ)LZf néuEL(SK):Ef(SK) van+m>7,n>m>2.

Chitng minh. i) That vay, ta ¢c6 Pr(z) = (n+m+1)2"(z —a)™, n >
m. PJ- c6 mot khong diem tai 0 bac n vd mot khong diém tai a bac
m. Ta kiém tra cac diéu kién ctia Dinh 1y 2.2.1. V6i k = 2, diéu kien
P (0) + Pk(a) # 0 suy ra Pk (a)Px(a) # Pk (0)?. Khi d6, 4p dung Dinh
Iy 2.2.1 v6i m; = n, my = m, ta nhan dugc i).

ii) Ta kiém tra cac diéu kien ctia Dinh 1y 2.2.2: k = 2, my = n,my =
m, ¢ =m +n+ 1. Gia thiét cta ii): n +m > 7, n > m > 2 théa man
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cac dieu kién ctia Dinh 1y 2.2.2. Khi d6, 4p dung Dinh 1y 2.2.2, ta nhan
duge ii). ]

Chu y 2.2.4. i) He qua 2.2.3, phan i) dua ra mot 16p cac da thie duy
nhat manh trén khong gian S x M(C) v6i 5 phan tit. Trong khi d6, He
qua 1.1 (trang 126, [31]) dua ra mot 16p céc da thic duy nhat manh trén
M(C) x M(C) (4p dung cho cac ham phan hinh) vé6i 6 phan ti (6 > 5).
Trong Dinh 1y 3.4 (trang 502, [8]), A. Banerjee va A. Kundu da gia thiét
P(z) la da thitc duy nhat manh cho cdc ham phan hinh, tic 14 ho van
phuy thuoc vao chuan da thitc duy nhat manh trén M(C) x M(C). Do
do6, Dinh 1y 2.2.1 (nén tang ctia He qua 2.2.3 1)) thyc sy 1a mot cai tién
va mdé rong quan trong vé mit cau tric dai sd so véi Dinh 1y 3.4 trong
8].

ii) He qua 2.2.3, phan ii) véi diéu kien ngudng bac n+m > 7 13 mot
két qua cai tién tric tiép doi véi Dinh 1y 1 trong [34] ctia nhom tac gia
H. H. Khoai, V. H. An va N. D. Phuong (2023). Tt d6 khang dinh, Dinh

ly 2.2.2 1a mot sy cai tién va md rong toan dién ciia Dinh 1y 1 [34].

Vi du 2.2.5. 1) Cho P(z) = 42° — 52* + 2. Khi do:
i) P(2) la da thic duy nhat manh trén S x M(C).
ii) P(z) khong la da thtic duy nhat manh cho cac ham phan hinh.
2) Cho P(z) = 2° — 1—7627 + %zﬁ +1vaS={z:P(z) =0}. Khi dé:
L = f néu E(S) = E¢(S), 6 d6 f la ham phan hinh khéc hang, L

13 mot L-ham.

Chiing minh. 1)

i) That vay, tit P(z) = 42° — 52" + 2, ta ¢6 P'(z) = 202%(z — 1). Tu
d6, ta nhan duge P’'(z) c¢6 mot khong diém tai 0 bac 3, mot khong diem
tai 1 bac 1, va P(0) + P(1) = 3 # 0. Ap dung He qua 2.2.3, phan i)
v6i n = 3,m = 1, ta nhan dugc P(z) la da thiic duy nhat manh trén
S x M(C).

ii) Gid stt P(z) la da thic duy nhat manh cho cdc ham phan hinh.
Khi d6, P(z) la da thtic duy nhét cho cdc ham phan hinh. Ap dung
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B6 dé 1.1.7 (Chuong 1) t6i P(2) véi k = 2, n = 3,m = 1, suy ra
min{3,1} = 1 # 2. Day la mot mau thuan. Vay P(z) khong la da thiic
duy nhat manh cho cdc ham phan hinh.

2) That vay, tit P(z) = 25— 1—76z7+§2,'6+1, ta co P'(z) = 82°(2—1)2.
Tit do, ta nhan duge P'(z) c6 mot khong diém tai 0 bac 5, mot khong
diém tai 1 bac 2, vi n = 5,m = 2. Ap dung Hé qué 2.2.3, phan ii) véi
n=>5m =2, tanhan dugcn >m=2,n+m=7,vadodo L = f. [

Dinh 1y 2.2.6. Cho m,n la cdc s6 nguyén duong sao cho n > 2m + 6
vam > 2, P(2),Q(z) la cic da thic dang (1.17) va (1.18) vdi diéu kién
(1.19) va (1.20) da dua ra ¢ Chuong 1 va cho S, T lan ligt la hai tap
hop cdc khong diem cia P(z2),Q(2). Gid s f la ham phan hinh khdc
hang trong mat phang phic va L la L-ham. Khi dé ta co

1) EL(S) = E¢(T) néu va chi néu f = hL va hS =T, vdi h la hang
so khdc khong théa man h" = % va h™ = 7.

2) Er,(S) = Er,(T) néu va chi néu Ly = Ly, ¢ =2 =< 9pa S =T,
trong do Ly, Ly la cdac L-ham.
Chitng minh. Lap luan tuong tu nhu Khang dinh 1 ctia Dinh 1 2.2.2 véi
g=n,k=m+1, ta co:

Khang dinh 1.

i) (g — DT(r, L) + S, L) < gT(r, f) + S(r, )

i) (q—=2)T(r, f) + S(r, f) < qT'(r, L) + S(r, L),

iii) S(r,L) = o(T(r, f)) va S(r, f) = o(T(r, L)).

Dat

+
+

i 2
Fe Go— H=t G

P(L)’ o T g S0 = S(r, L)+ S(r, f).

Tt iii) ta ¢6 S(r) = o(T(r, L)) va S(r) = o(T(r, f)).

Ta tim quan hé gitta f va L thong qua ham phu H.

Lap luan tuong tu nhu Khang dinh 2 ctia Dinh 1§ 2.2.2 véi ¢ = n, k =
m 4+ 1, ta co:

Khang dinh 2. H = 0 néu n > 2m + 6.
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Ching minh Khing dinh 2.
Lap luan tuong ty nhu (2.15) ctia Dinh 1y 2.2.2 v6i ¢ = n, k = m+1,
ta nhan ducc

<2n ~dm — 13+ 2mn+ 8) T(r,L) < S(r). (2.16)
Xét
t(x) :2x—4m—13+2m$+8 v6i z>2m+6, zcR
Ta co

2m + 8
-

t'(x) =2 >0 v6i x>2m+6, xR

T d6, két hop v6i n > 2m + 6, ta nhan duoc

2 8
t(n) =2n —4m — 13 + mY ,
n
2m + 8
(2 6) = —1>0
(2m +6) 2m +6 ’
2m + 8
t(n) >t(2m+6) >0, 2n—4m— 13+ - > 0.
bay la mot mau thuan véi (2.16).
Vay H = 0.
Do do6
Q(f) =1P(L), [1ahing so. (2.17)

Bay gio, bang lap luan tuong tu nhu Dinh 1y 1.3.1 (Chuong 1) cho
(2.17), ta nhan dugc két luan ctia Dinh 1y 2.2.6.
Dinh Iy 2.2.6 dugce chiing minh. ]

Bay gio, ta dua ra mot s6 4p dung ctia Dinh 1y 2.2.6 cho cdc ham
phan hinh. Cha ¥ réng, quan hé dong nhat gitta cAc ham phan hinh 13
truong hop dic biét clia quan hé phy thudc tuyén tinh gitta ching.
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Dinh 1y 2.2.7. Cho m,n la cic s6 nguyén duong sao cho ged(n,m) =1
van > 2m+3,m > 2, cho P(z) la da thic cia dang (1.17) véi diéu
kién (1.19) Chuong 1 va cho S la tap hop cdc khong diem cia P(2). Gid
st rang Er(S) = E(S) cho mot L-ham L va mot ham phan hinh khdc
hang f. Khi dé ta c¢6 f = L.

Chiing minh. That vay, ap dung Dinh 1y 2.2.6 v6i P(2) = Q(z),S =T,
ta nhan duge: f = hL va hS = S, 6 d6 h 13 hiang s6 khac 0 théa man
at av

h"=— =1, h" = — = 1. Vi ged(n,m) = 1 nén ta nhan dugc h = 1.
cu ub

Vay f = L. ]

Chu y 2.2.8. Dinh 1y 2.2.7 cho ta mot tap xac dinh duy nhat véi 10
phan ti déi v6i L-ham va ham phan hinh khic hang khi chung chia sé
mot tap hop kiéu Yi. Tap xac dinh duy nhat nhu vay khac vé6i tap xac
dinh duy nhat trong Dinh 1y 1 [34].

Cho L 1a mot L-ham va f 13 mot ham phan hinh khac hang. Goi
S, T lan lugt 1a tap hop cac khong diém clia cac da thic P(2) va Q(2).
Cac vi du sau la ap dung cta Dinh Iy 2.2.6. St dung 1ap luan tuong tu
nhu trong Vi du 1.3.3 v Vi du 1.3.4 6 Chuong 1, ta nhan dugc két qua.

Vi du 2.2.9. Cho

5

Q(2) =20 =522 +210 T ={b,... by}
Khi dé6
Er(S)=E¢T) néuvachinéu f=2L, 25=T.
Vi du 2.2.10. Cho

)
P(z) =2 — ZZS +1, S={a,...,an}

68



Khi do
Er(S)=FE¢(S) néuvachinéu f=1L.
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2.3 Phan bd gia tri va tap xac dinh duy
nhat d6i v6i ham phan hinh chia sé
tap htu han

Trudce tién, ta can khai niém sau.

Ta dinh nghia cac gia tri khuyét Nevanlinna nhu sau:

N —
. i N(r, fi
O(co, (fi,..-, [n)=1- lﬂfip %:f\i T((:, j‘;))

e —1—1i Zﬁlﬁ(r’ﬁ>
(a, (f1,-- -, [n)) = — limsup SY T f)

Chua N I’%ﬂlg, 0< @(OO, (fh RN fN)) -+ @(CL, (fl, N fN)) < 2.
Ta chtiing minh dinh 1y sau. o) day, ta tiép tuc stt dung 16p da thiic

Y

P(z) da thiét 1ap ¢ cong thic (1.3) Chuong 1 théa man cac dieéu kien

Fujimoto.

Pinh ly 2.3.1. Cho S = {a1,a9,...,a,} C C, da thic P(z) duoc zic
dinh nhu trong phuong trinh (1.3) véi cic dieu kien (1.4) va (F) 6
Chuong 1. Gid st P(2) la da thic duy nhat manh cho cdac ham phan
hinh. Néu k > 3, hodc k = 2 va min{my, ms} > 2 thi déi vdi hai ham
phan hnh khdc hang f,g, dieu kien E¢(S) = E,(S), ¢ > 2k +6 —
4(©(c0, (f,9)) +0O(0,(f,9))) suy ra f=g.

Chatng minh. Trudc tién, ta ching minh ton tai hang s6 C' # 0 sao cho
P(f)=CP(g).

1 1 F G
F=——\ G=—— H=—_-—
P(f) P(g)’ FGr

T(r)=T(r f)+T(r.g), S(r)=>5S0f)+S5(r9).
Khi d6 T(r, P(f)) = ¢T(r,f)+ S(r, f) va T'(r,P(g)) = ¢T(r,g9) +
S(r, f), vado do S(r, P(f)) = S(r, f) va S(r, P(g)) = S(r, g).
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Bay gio, gid st H # 0. Theo bd dé dao ham loga, ta c6 m(r, H) =

S(r, f).
Tit

Piz)=(z—a1) - (z2—ay), Pl(z)=q¢"(z—dy)" - (z—dp)™,

ta co

(PO = af™(f —d2)™ - (f —dp)™ [,

9 =q9™(g—d2)™ - (g —dr)™q".

1 1
Nl) <T, F) = Nl) (7’, 5)

va ta ky hiéu gia tri chung nay 1a Ny(r). Theo B6 dé 2.1.2, mdi khong

E

diém chung don ctia F vd G 1a mot khong diem ciia H. Do d6
— 1
M) <N ( ﬁ) < T(r, H) < N(r, H) + 5(r),

vi theo B dé dao ham loga ta c6 m(r, H) = o(T(r, H)) = S(r). Mt
khac, H chi ¢6 cuc diém don, khi d6 ta cé

Ni(r) < N(r, H).

Tiép theo, ta chiitng minh cac khang dinh sau:
Khang dinh 1. Ta ¢6

qT(r) < N(r, f) + N(r.g) + N <7“, %) N (r, g)
+N<“ P >> W(“ 2g>>
S

f P
{eh)-e(e3)-
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& do N, (7“, %) (tuong ng, No (7“, ?)) 13 ham dém cAc khong didm
clia f' (tuong tng, ¢'), v cac khong diém nay khong 13 khong diém
cia (f —a;) va (f — d;) (tuong ung, (g9 — a;) va (g — d;)) cho bat ki
je{1,2,...,q}1€{1,2,... . k}.

Chitng minh: Ap dung Dinh 1 co ban tht hai cho ham f va céc gia

tri ai,as,...,aq, 0,ds, ..., d;, 00, ta nhan dugc

k
+ZN<T’f—1d-> — Ny <7", l/) + S(r, f).
i=2 !

Mat khac

va

Khi d6 ta nhan ducc

AT, ) <N )+ N (n %) N (r, ﬁ) _ N (r, i) + S0 f).

Két hop bat ding thic nay véi bat déang thic tuong tu cho g, ta nhan
dugce

qT(r) < N(r,f) + N(r,9) + N (r, %) +N (r, g)

+N (r, %) +N (r, %) —No (T’ %) — Mo <T’ ;> + 5t

Khang dinh 1 dugc chitng minh.
Khang dinh 2.
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s

Ta co

_ 1 — 1 q
N(r,—= +N<r,—>§—Tr + Ny(7).
(v 75) + (r77) < 5700+ 90
Chiing minh: Theo Bo dé 2.1.4, ta thay ring

N < P(lf)> N ( P<1f>> #5 ( %f))

va bat dang thitc cho P(g) cling ding. Mit khac

N ( %) < T )+ S0 ) N ( %) < qT(r,9) + S(r,9),

va Khang dinh 2 dugc chiing minh.
T Khang dinh 1 va Khang dinh 2, ta c6

gT(r) gﬁ(n%) +N( ;) +N(r, f) + N(r,g)

(o) (1) o

Khang dinh 3. Ta ¢6

Ny(r) < (k= DT(r) + N <7~, 1) ~(r 1) N, f) + N, g)

+
+ No <r, %) + Ny (r, ;) + S(r).
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_ 1 1
:N(r o dk)%f”HUaj)#O)

) E ) ()
< (k:—l)T(r,f)JrN(r,%) +No( f,> +8(r, ).

Tuong ty

Khéng dinh 3 dugc ching minh.
T Khang dinh 1, 2, 3 ta nhan dudc:

gT(fr’) < (k—1)T(@) +2[N(r, f) + N(r
r2[¥(ng)+ W( é)}

q < 2k +6 —4[0(oc0, (f,9)) +O(0, (f,9))]-

Do do

Day 13 mot mau thuan véi gia thiét
q > 2k +6—4[6(c0,(f,9)) + O(0, (f,9))].

Vay
H=0.
1 c . ) 2 ax
Do doé = + ¢1 v6i cac hang so ¢ # 0 va ¢;. Theo Bo de 2.1.3,
P(f)  P(9)

ta nhan dugc ¢; = 0.
Vay, ton tai mot hang s6 C # 0 sao cho P(f) = CP(g), C =1/c. Vi
P(z) 1a da thitc duy nhat manh cho cac ham phan hinh, ta nhan duge
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f=9
Dinh 1y 2.3.1 dugc chiing minh. ]

Tt Dinh 1y 2.3.1 ta nhan dugc cac hé qua sau.

Hé qua 2.3.2. Cho f,g la hai ham phan hinh khdc hang va Py (2) la da
thitc duge xdc dinh trong Hé quad 2.2.3 voi Sk la tap cdac khong diém ciia
Pg(2). Gid st E¢(Sk) = E,(Sk) va mot trong cic diéu kién sau duogc

thoa man:

Chitng minh. 1) Cha y rang, Pk (z) la da thic duy nhat manh cho cac
ham phan hinh. Khi d6 4p dung Dinh 1y 2.3.1 v6i k = 2 va O(o0, (f,9))+
©(0,(f,g)) > 1 ta nhan dugc:

2246—-4>2246—-4(0(c0,(f,9)) +0O(0,(f,9), ¢=>6

va f =g.
Céac phan khac duge chiing minh tuong ty nhu phan i). O

Hé qua 2.3.3. Cho f,g la hai ham phan hinh khdc hang vdi boi ciia
cuc diém vi boi cla khong diém lan luot it nhat la s,l, va Pg(z) la da
thiic dugc xac dinh trong Hé qua 2.2.3 vdi Sk la tap cac khong diém ciia
Pg(2). Gid st E¢(Sk) = E,(Sk) va mot trong cic diéu kién sau dugc
thoa man:

i)q>6,1+1 <1, hodc

i) g>7, 1+ <2, hodc

iii) ¢ > 8, 1+ 7 <2, hoac

) q>9, %+%<£, hodc
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v)q210,§+%<2.
Khi doé f = g.

Chiing minh. i) Chon s,l théa méan

é + % >2—(O(c0,(f,9) +6(0,(f,9)).

Khi d6 4p dung He qua 2.3.2, phan i) ta nhan duge f = g.
Cac phan khac duge ching minh tuong ty nhu phan i).
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Két luan Chuong 2

Trong Chuong 2, luan an da di sau nghién citu tinh duy nhat va sy
phan bé gia tri cia L-ham va ham phan hinh thong qua viéc chia sé cac
tap hitu han. Cac noi dung chinh da thuc hién bao gom:

1. Thiét lap cac diéu kién dé da thitc P(2) 1a da thitc duy nhat manh,
tir d6 dua ra mot 16p cac tap xac dinh duy nhat hitu han S déi v6i L-ham
chia sé S v6i ham phan hinh théng qua viéc phat biéu va ching minh
Dinh ly 2.2.1 va Dinh 1y 2.2.2. Két qua nay gitp cai tién va lam gidm
luc luong ciia tap duy nhat so v6i mot s6 nghién ctu trude day.

2. Thiét lap mot 16p cac cap tap hitu han S, T va tap hop kieu Yi doi
v6i bai toan L-ham chia sé tap hop v6i ham phan hinh thong qua viéc
phat biéu va ching minh Dinh 1y 2.2.6 va Dinh 1y 2.2.7.

3. Xay dung cac 16p tap xac dinh duy nhat hitu han S déi véi ham
phan hinh théng qua viéc phat biéu va chiing minh Dinh 1y 2.3.1, dua
trén cac danh gia vé gia tri khuyét Nevanlinna va boi ctia khong diém,
cuc diem. Két qua nay da cu the hoa dinh huéng ciia Ha Huy Khoai va
Vit Hoai An [29] vé viéc lyc lugng clia tap duy nhat c6 thé duge thu gon

dang ké khi cac ham phan hinh c6 cac dic tinh giai tich dic biet.
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Chuong 3

Van dé duy nhat cho L-ham va ham
phan hinh véi diéu kién da thiic vi
phan

3.1 Mot sé khai niém va két qua bo trg

Bo dé 3.1.1 ([66], BS dé 3, trang 396). Cho f,g la hai ham phan hinh
khdc hang. Néu f,qg chia sé gia tri 1 CM thi mot trong cdc truong hop
sau la ding:

i) Ta c6 bat dang thiic:

T(r, f) < No(r, f) + Ny (7“, %) + Ny(r, g) 4+ Ny <7“, %}) +S(r, £)+S(r, g),

va bat dang thiic nhu thé ding cho T(r, g);

i) f-g=1

iii) f = g.
Bo dé 3.1.2 ([73], B6 dé 2.3, trang 5). Cho f la mot ham phan hinh
khdc hang va p,k la cdc s6 nguyen duong, f* #£ 0. Khi dé ta c6

N, <7“, %) <T(r, f(k)) —T(r, f) + Nptk <7“, %) + S(r, f),

N, (7“, ﬁ) < kN(r, f) + Npyr <r, %) + S(r, f).
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Bo dé 3.1.3 ([41], B6 dé 2.10, trang 432). Cho f, g la cdc ham phan hinh
khdc hing, n,k la cic s6 nguyeén duong, n > 2k. Néu (f7)F(g")*) =1

—CZ

thi f = c1e va g = cae™% vdi ba hang so khdac khong ci, ca va ¢ sao cho

(—=1)*(crc0)™(nc)? = 1.

Bo6 dé 3.1.4 ([36], Dinh 1y 1.2, trang 97). Gid st f la mot ham phan
hinh c6 bac hau han trén C, va f(k) co hiu han khong diém vdi k > 2
nao dé. Khi dé f cé hitu han cuc diém trong C.

B6 dé 3.1.5. Cho f la mot ham phan hinh khdc hing va n,m la hai sé

nguyén duong, n > m va a la cuc diem cia f. Khi do

() = e trong 6= @), pule) £0.

Bé dé 3.1.6. Cho f la mot ham phan hinh khdc hing va n,m la hai s6

nguyén duong, n > m va a,b lan luot la cuc diém va khong diém cia f.

Khi do m)
) I = e g 6= (@), ) £
() S,

i) T o trong d6 1 = v}(b), Sn(b) #0.

Bo6 dé 3.1.7. Cho f la mot ham phan hinh khdc hdng, n,m, k la cdc so
nguyén, m >0, n > k+ 1, va P(z) la mot da thic bac m. Khi do

(n—k = DT ) T (r(f"P)Y) + S0 )
< (n4+m)(k+1D)T(r, f)+ S(r, f).

Dac biét, (f*P(f))® khac hing va S (r, (f*P(f))®) = S(r, f).

Chaing minh. Cha ¥ rang (f*P(f))* # 0. That vay, néu (f*P(f))®
0 thi f*P(f) la da thiic bac k. Diéu nay mau thuan véi n > k + 1.

Mat khac, tat T'(r, f"P(f)) = (n+m)T(r, /)+O(1) tasuy ra S(r, f) =
S(r /P()))

79



Ap dung B6 dé 3.1.2 v6i p = 1 cho ham (f"P(f))* ta nhan dugc

Tl P + 3 5 ) <7 (n 0P Y)

L
(f"P(f))
1

+ Nit1 (7“, f”T(f)> +5(r, f),

T(r, f"P(f) < T (r, (/"P()™)

+ Neo (7’, fn%(fﬁ + S0 f).

Ta c6 T(r, f"P(f)) = (n+m)T(r, f) + O(1).
Hon niia,

Nt ( f”li(f)> = N ( fi> Ve ( ﬁ) '

Vin > k+ 1 ta nhan dugc

Ny (7“, fi) — (k+ )N (r, %) < (k+1)T(r, )+ S(r, f).

Mat khac,

N (r i) <3 (ms ) < TP+ 50)

Vay
1
Vs (1 G ) < 04 DT )+ T, )+ 505

Theo B6 dé 1.1.12 (Chuong 1), ta c6

T (. (" PNY) < (k+ DT (r fP() + S0 )
<(n+m)(k+1)T(r,f)+ S(r, f).
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Vay

(n+m)T(r, ) T (r, (F"PN)D) + (ke + DT, )
+mT(r, f) + S(r, f),
(n—k=DT(r, f) < T (r (FPEND) + 50, )
< (n+m)(k+1)T(r, f)+ S(r, f).

Do vay (f"P(f))® khac hing va S(r, f) = S (r, (f"P(f))™)). O

B6 dé 3.1.8. Cho f la mot ham phan hinh khdic hing, n,m,k,d la cdc
so nguyén, m >0, k>0, n>k+1+ %me va P(z) la mot da thic
baicm, S={a€C:a’=1}. Khi dé

(din—k—1)—2k—m—2)T(r, f) §N<r, >+S(r,f).

1
((frP(f)) )4 -1
Dic biet, (frP(£)®) " (S) # 0.

Chiing minh. T B dé 3.1.7 va n > k + 1 + 22042 45 suy ra ring
(f"P(f))™ khéc hing va S(r, (f"P(f))*) = S(r, f).
Khi do, ap dung hai Dinh 1y co ban ta nhan dugc

. d _ . d — 1
(- (o))< (- (20 )+ (- )
1

+ N (r, y
((fP(f))®)" —1

Chi ¥ ring, néu a la mot cye diém cta (f"P(f))* thi a 1a mot cuyc

diem cua f. Do do

) + S(r, f).

N (n ((P)®)") = ) <705+ 50,
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Mat khac

1 1 1
NQ%mewm>NoﬂﬁmﬂwON(“wwmwO‘

Ap dung B8 dé 3.1.2 v6i p = 1 cho ham (f"P(f)) va bing lap luan
tuong tu nhu trong B6 dé 3.1.7 ta nhan dudc

1
fmP(f)

< kN(r, ) + N1 (7”, f”%(f)) +5(r, f)

<(m+2k+1D)T(r, )+ S(r, ).

Ny (r, W) < kN(r, f*P(f)) + N1 (r, ) + S(r, f)

Hon nita, theo B6 dé 1.1.12 (Chuong 1) ta c6
=k =70 <7 (1 (7 P)0) ) 50,

Két hop céc bat dang thiic trén ta nhan dudc

(dn—k—1)—2k—m—2)T(r, f) <N<7“, >+S(r,f).
((fPUFHB)" =1
Tun>k+1+ %%3”2 suy ra ((f”P(f))(k))_1 (S) # 0.
Bo6 dé 3.1.8 dugc chitng minh. O
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3.2 Phan bd gia tri va tap xac dinh duy
nhat dé6i véi da thic vi phan cta L-
ham va ham phan hinh chia se tap hogp

cac nghiém cua don vi

Dinh 1y 3.2.1. Cho f wva g la hai ham phan hinh khdac hang va n,m
la cdc so nguyén duong, P(z) dugc xdc dinh nhu trong phuong trinh
(1.8) vdi cic dieu kién (1.4) va (F) ¢ Chuong 1. Gid si P(z2) la da thic
duy nhat manh cho cic ham phdan hinh. Néu k > 3, hodc k = 2 va
min{my, ma} > 2 thi ta co:

1) Néw Epuyon (S) = Eggnyom (S), n > m +2 va q > 2k + 6 — %
thi f = cqg vdi " = 1.

2) Néu Epon(S) = Eym (S), va q > 2k +6 — 22 thy fim) = g,

Chiing minh. Trude tién ta ching minh:
Cho f va ¢ 1a hai ham phan hinh khac hang va n, m 1a cac s nguyén
duong, n > m + 2. Khi d6

0 (o0, (™. (g")™)) + (0, (), (g")")

2 — 1) (3.1)
> —.
on+m

O(c0, ((fM)™, (¢)™)) =

Chitng minh (3.1).
Vin >m+2mnén (f")™ khac hing. Viét (f*)™ = f~mF. Khi dé

m
m+1

(3.2)

Jm J"
n)(m)
Ta thay rang, néu zy 1la mot cyc diem cla (f f)” thi zp 1A mot cuc

diem hoac mot khong diém ciia f. Khi d6, theo Bo dé 3.1.6, néu a, b lan
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n\(m)
luot 1a mot cie diém, mot khong diém ctia f thi 1/ f) = ( )
(fm . o

= , trong d6 B, C' # 0. Tu day suy ra
fn (Z _ b)m

1 1 F
N(r,ﬁ;f%0> N(T,fg) ST(T,f—m>+S(Taf)

Do do6

< (m+1)N (r, 1) +mN(r, f) + S(r, f). (3.3)

f

Theo B dé 3.1.5, néu a, b lan lugt 1a mot cuc diém, mot khong diém

cua f thi
By (a) #0, trong d6 p = v} (a),

(f)"™ = Cp(z = b)"™,  Cp(b) #0, trong d6 I = v}(b).
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Vay

Mat khac
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trai, ta thu dugc:

m -+ 1 — 1 m+ 1 1
<”n—m—1)N(“ (f”)<m>> = n—m—lN(“ <fn><m>>
+mN(r,f)
2 — _
+ (m +1-— (mn—i__lzn(qil 1)> N (1 <7“, %) .

Quy dong vé trai, ta co:

n — 1 m+1 1
n—m—lN(r’ (f”)(m)> Sn—m—lN (T’W)

+mN(r, f)
+<m+1—0n+”%”_n>ﬁmﬂ<nl>.

n—m—1 f

Dé y ring
(m+1)%(n—1)

m-+1— < 0,
n—m—1
ta suy ra
— 1 m+1 1 m(n—m—1)—
N < N N :
(r gy ) < (g ) + R

Hon nita, néu a 1a mot cuc diém ctia f v6i boi p thi a 1d mot cuc diem

ctia (f™)™ véi boi np +m > n + m. Vay

1
n-+m

N(r,(f"") > N(r, f), N (f)"™) =N(r, f).

Do do

1
n-+m

Nt ) <™ g gy
(v e ) (r, (7))

n

T(r,(f)"™) + S(r, f), (3.5)

m(n —m —1)

o L) £ S0 (36)
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N(r, (gM)™) < - j —T(r, (g")") + S(r. f), (3.7)
N |(r ! m+1 r, n\ (m)
N<’(9) ) ((n+m)T()(9) )
o T(r, (g")™) + S(r, f). (3.8)

Tt (3.5)-(3.8) ta nhan dugc

_ 1 1

(v )+ 7 ()
+ N, (M) + N, (g")"™)

< Am+) (T, (5)0) + T(r, (97))) + S0, ),

Toon+m

T day suy ra

(o0, (/)™ (g")"™)) + 60, ()™, (¢")™)) =

(3.1) dugce chitng minh.
Chiing minh (3.2). Tt (3.5) ta nhan duge

N(r, f™) < T(r, ™) + S(r, f),

Tu day ta co

N(r, f™) + N(r,¢"™) <

(oo, ()™, (¢")™)) =

(3.2) dugce chiing minh.

87



Bay gio ta tiép tuc chiing minh Dinh ly 3.2.1.
Theo (3.1) ta c¢6

0o, ()™, (5")™)) + 000, (7M™, (¢")™) > A=)
T day suy ra

8(n—1)
n-+m

2k +6 — >2k+6

—4(O (o0, (M, (gM™))  (39)
+0(0, (™, (4")™))
Két hop (3.9) v6i Dinh 1y 2.3.1 (Chuong 2), ta thu dugce két luan 1).

2) Gid st By (S) = Eyon (S), va q > 2k 4+ 6 — 225 thi fi™) = g(m),
Theo (3.2) ta ¢6

n\(m) n\(m) > m
O (oo, (/") (") ™) =~
Tu day suy ra
4
% +6— — >2%+6
m+ 1 (3.10)

- 4@(007 ((fn)(m)v (gn)(m))).

Két hop (3.10) v6i Dinh 1y 2.3.1 (Chuong 2) ta nhan duge Két luan
2). 0

T Dinh Iy 3.2.1 ta nhan duge cac hé qua sau.
Nhic lai da thic Pg(z) duge dinh nghia nhu trong (1.13) véi cac
diéu kien (1.14) va (1.15) ¢ Chuong 1:

Pk (z) = (n+m+1) <Z (m) (—1)’ zn—I—m—Hiai) 1= Qu(2)+1,

: 1/ n+m+1—1
=0
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vii cac dieu kién a # 0,Qg(a) # —1 va Pg(a) # 0. Theo Dinh 1y 1.1
([7], trang 469) hodc Dinh 1y 1.1 ([31], trang 126), Pk (z) 1a da thic duy

nhat manh cho cac ham phan hinh.

Hé qua 3.2.2. Cho f va g la hai ham phan hinh khdc hang va Pg(2)
la da thic duoc xdac dinh nhu trén vdi Sk lan luot la tap cdac khong diém

cta Pr. Néu

k=2, @(OO, ((fn)(m)7 (gn)(m))) =0, @(07 ((fn)(m)v (gn)(m))) =0

thy Sk la tap zdc dinh duy nhat cho cac ham phan hinh vdi it nhat 11
phan t.

Hé qua 3.2.3. Cho f, g la hai ham phan hinh khdc hang, n,m la cdc
s6 nguyén duong, va Py (2) la da thic nhu trén véi Sk la tap cac khong
diém cia Px. Gid st E(fn)<m)(SK) = E(gn)<m>(SK) va mot trong cac diéu
kién sau duoc thoa man:

i) q>6 van>m+3, hoic

i) q>Twvan>m+ 2.

Khi do f = cqg vdi " = 1.

Chiing minh. i) Cha ¥ rang, Pk(z) la da thiic duy nhat manh cho cac
ham phan hinh.
Ap dung Dinh Iy 3.2.1 v6i £ =2 va ¢ > 6, n > m + 3 ta nhan dugc:

8(n—1
i>6>10_ 2=l
n—+m
ii) chitng minh tuong ty nhu phan i). ]

Hé qua 3.2.4. Cho f,g la hai ham phan hinh khdc hang, n,m la cdc
s6 nguyén duong, va Pk (z) la da thic duge xdc dinh nhu trén véi Sk la
tap cdc khong diém cia Px. Gid st Ef<m>(SK) = Eg<m>(SK) va mot trong
cic dieu kién sau duoc théa man:

i)q>Tvam > 3;
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i) g > 8 vam>1;

iii) ¢ > 9.

Khi do fm) = ¢(m).
Chitng minh. 1) Cha y rang, Pk (z) la da thic duy nhat manh cho cac
ham phéan hinh.

Ap dung Dinh 1y 3.2.1 v6i £k =2 va ¢ > 7, m > 3 ta nhan dugc:

dm
>7>10— ——.
1= m+ 1
Céac phan khac duge chiing minh tuong ty nhu phan i). O

Bay gio ta chuyén sang xét bai toan chia sé gitta L-ham va ham phan
hinh. Trudc tién ching ta can cac bo dé sau.
Bo6 dé 3.2.5. Cho f la mot ham phan hinh khdc hang, L la mot L-ham,
n,m,k la cic s6 nguyén, m > 0, k > 0, va P,Q la cdic da thic bac m.
Gid st (f"P(f)® va (L"Q(L))™ chia sé 1 CM, va n > 3k +m + 3.
Khi do, ta co mot trong cac truong hop sau:

1.

i) (n—k—=2)T(r,L)+ S(r,L) < (m+2k+4)T(r, f) + S(r., f),
it) n—k—=4)T(r,f)+S(r,f) <(m+k+2)T(r,L)+ S(r, L),
iii) S(r, f) =o(T(r,L)), S(r,L)=o(T(r,[)).

2. (L"QL) D (fP(f))P) = 1.

5. (LQUL) = (f1P(f)H,
Chiing minh. Tit B dé 3.1.7 va gid thiét n > 3k +m + 3, ta suy ra rang
(fPP()N® va (L"Q(L))* 1a cac ham phan hinh khéc hing, dong thoi

S(r, (f*P(f)HW) = S(r, f) va S(r, (L"Q(L)W) = S(r, L).
Ap dung B8 dé 3.1.8 v6i d = 1 cho cac ham (f"P(f))® va (L"Q(L))®)
dong thoi cha § rang n > 3k +m + 3, ta thay

-1

(P 20 v (2u)™) (1) £
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Ap dung B dé 3.1.1 cho céc ham (f"P(f))* va (L"Q(L))™, ta suy
ra mot trong cac truong hgp sau phai xay ra.
Trudng hop 1.

va

T(r, (f"P()*) + S(r, £) < No(r, (f*P(£))™)

#30 (n p ) + Nl (7))
+ N (7“, (LanL))(k)) v S(rL).  (3.12)

Xét bat dang thitc (3.11). Chu ¥ ring, néu a la mot cyc diém cia
(L"Q(L))™ thi a 1a mot cic diém ctia L c¢6 boi np +k > n+k > 2. T
day va Dinh 1 co ban tht nhat, ta c6 Ny(r, (L"Q(L))*) = 2N(r, L) <
2T (r, L) 4+ S(r, L). Tuong tu, ta c6 Ny(r, (f"P(f))*)) = 2N(r, f) <
20(r, f) + S(r, f).

Ap dung B6 dé 3.1.2 cho (L"Q(L))™ véi p = 2, ta nhan dugc:

N (n gt ) < T (R Q) - 16 (L)

+ Niio (7", m) + S(r, L).
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Vin > k+2va Q(z) la da thic bac m, ta danh gia duge:

1 1
Vi (1 i) <V (ngizy ) ST + (L)
<mT(r,L)+ S(r,L),

1

Niyo <r, ﬁ> < (k+2)N(r,L)

< (k+2)T(r,L)+ S(r,L).

Tt d6 cong vé theo vé, ta thu dugc:

1
Nito (T, m) <(m-+k+2)T(r,L)+ S(r,L). (3.13)

Két hop céc bat dang thic trén, ta suy ra:

1
N, (r <T(,L” L(k)>—T L"O(L
(7 gym ) <7 (R (Qw)Y) - T ()
+(m+k+2)T(r, L)+ S(rL). (3.14)
Béang 1ap luan hoan toan tuong tuy nhu qua trinh thiét lap (3.13), ta
cling co:

1
Nk+2 <T7W) < <m+k+2>T(T,f)+S(T,f).

Do d6, 4p dung B6 dé 3.1.2 cho (f"P(f))* véi p = 2, ta nhan dugc:

Ny (7“, W) < EN(r, f"P(f)) + Nito <7“7 f”;(f)> + 5(r, f)
< (m+ 2k + 2T f) + S(r. f). (3.15)

Thé (3.13), (3.14) va (3.15) vao (3.11), ta thu duge:

T(r, (L"QUL)) + S, 1) < T (r, (L"QL)M) = T(r, L"Q(L))
+(m+k+2)T(r, L)
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+ (m+2k+40)T(r, )+ S(r, f). (3.16)
Dé ¥ ring:
T(r,L"Q(L)) + S(r,L) = (n+m)T(r,L) + S(r, L). (3.17)

Tit (3.16) va (3.17), gidn wéc T(r, (L"Q(L))™) & ca hai vé, ta nhan
dugc:

n—k—=2)T(r,L)+ S(r,L) < (m+2k+4)T(r, f)+ S(r, f).

Vay ta c6 két luan i).
St dung lap luan tuong ty nhu trén doi véi he thic (3.12), ta nhan
dugc:

T(r, (f"P(f))P) + S(r, f) < 2T(r, f) + T(r, (f"P(f))™)
—T(r, f"P(f))+ (m+k+2)T(r, f)
+(m+k+2)T(r,L)+ S(r,L).

T d6 dan dén:
m—k—T(r, f)+Sr f)<(m+k+2)T(r,L)+ S(r,L).

Vay ta c6 két luan ii).

T i) va ii), ta dé dang suy ra S(r, f) = o(T(r,L)) va S(r,L) =
o(T(r, f)). Day chinh la két luan iii).

Trudng hop 2. Kha nang tht hai ctia Bo dé 3.1.1 xay ra, tic 1 hai
ham phan hinh dang xét 1a nghich ddo ctia nhau. Khi d6, ta truc tiép
thu dugc:

(L"QL)B(fP(f)™ = 1.

Diéu nay théa man chinh xéc két luan 2 ctia Bo dé 3.2.5.

Trudng hop 3. Kha ning thit ba ciia B6 dé 3.1.1 x4y ra, tiic la hai
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ham phan hinh dang xét dong nhat v6i nhau. Khi do, ta lap ttc co:

(L"Q(L)™) = (frP(f)W.

Diéu nay théa man chinh xac két luan 3 ctia B6 dé 3.2.5.
Bo dé 3.2.5 dugc chitng minh. O

B6 dé 3.2.6. Cho f la mot ham phan hinh khdc hang, L la mot L-ham,
n,m, k,d la cac s6 nguyén, m > 0,k > 0, P(z) va Q(z) la da thic bac m,
vi cho S ={a € C:a?=1},d > 2. Gid s (f"P(f))*™ va (L"Q(L))%

chia sé¢ S CM va
2k +m + 2

d
Khi do, ta co mot trong ba truong hop sau:
1.
i)dn—k—1T(r,L)+ S(r,L) <2(m+2k+2)T(r, f) + S(r, f),
i) (d(n—k—=1)=2)T(r, f)+5(r, f) < 2(m+k+1)T(r, L)+ S(r, L),
iii) S(r, f) =o(T(r,L)), S(r,L) = o(T(r, f)).
2.

n>k+1+

(L"QL)W(fP(f)™ = h, h? = 1.

(L"QL)™W = h(f"P(f)H™, ! =1.
2k +m + 2

Chiing minh. Tt Bo dé 3.1.8 va gia thiét n > k+ 1 + ———ta

suy xa (/" P(F)Y, (LQ(L)™ Khdc himg va ((/"P()W) 7 (S) # 0,

((L"QL)M) ™ (S) # 0.
Dé don gian, ta dat F' = (L"Q(L))®, G = (f"P(f))™. Khi d6 F?
va G? chia sé¢ 1 CM. Chi y ring

Ap dung B6 dé 3.1.1 cho ciac ham F?, GY, ta ¢6 mot trong cac trudng
hgp sau dung.
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Truong hop 1.

T(r, F4S(r,L) < Ny(r, F1)+ N, (7’, %) +No(r, GHY+S(r, £). (3.18)

va
T(r,GY)+S(r, f) < No(r, G) 1N, ( $)+Ng<r, FY4S(r L). (3.19)

Xét (3.18). T d > 2, ta nhan dugc

dT(r,F) + S(r,L) < 2N(r, F) + 2N, <r, %) +2N(r,G)

1
+ 2NV, (r, 5) + S(r, f). (3.20)
Bang lap luan tuong tu nhu trong Bo dé 3.1.7 va Bo dé 3.2.5 ta nhan
dugc
dn—k—10)T(r, L)+ S(r,L) <dT(r,F)+ S(r,L).
N(r,F)=S(r,L), N(r,G)<T(r,f)+S(r, f). (3.21)
va

2N, (n %) < 2kN(r, L"Q(L)) + Ny (7"’ Lné(L))

<2(m+k+1)T(r,L)+ S(r,L).
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Mat khac,

s () £ 5 () 0 (07
< (m+k+1DT(r,L)+ S(r, L),

T(r,L"Q(L)) = (n+m)T(r,L) + S(r, L),

1
Nt ( Q)

) <(m+k+1DT(r, f)+S(rf).

Do do,
2N (r l) <2 <I<JN(7“ f"P(f)) + N, <7“ b ))
1 ) G = ) k+1 ) f”P(f)
<2(m+2k+ 0)T(r, f)+ S(r, f).
T day va (3.20), (3.21) ta c¢6

(d—2)T(r, f)+ (2n — 2k —2)T(r,L) + S(r, L)

< 2(m+ 2k +2)T(r, f) + S(r, f),
(d=2)(n—Fk—1)+2n—2k—2)T(r,L) 4+ S(r, L)
< 2(m+ 2k + 2)T(r, f) + S(r, f).

T day suy ra
din—k—1T(r, L)+ S(r,L) < 2(m + 2k + 2)T(r, f) + S(r, f).

Nhu vay i) duge ching minh.
Bay gio ta xét (3.19). Bang lap luan tuong tu nhu trong (3.18) doi
Véi (3.19) ta c6

dT(r,G)+ S(r, f) <2N(r,G) + 2N, (7’, é) +2N(r, F)

— 1
+ 2N (r, F) + 2NV, (7’, f) + S(r, L),
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2N(r,G) <2T(r, f)+ S(r, f),

2N (7 ) £2(06,6) = T, P
# N (7 5p ) + S0 )

2N(r,F) = S(r,L),

ON, (73 %) < 2kN(r,L"Q(L)) + Njt1 (T’ Lné(L))
).

<2(m+k+1)T(r,L)+ S(r
T day suy ra

((d=2)(n—k—1)+2n—2k —4)T(r, f) + S(r, f)
<2(m+k+1)T(r,L)+ S(r, L),
(din—k—1)—=2)T(r, f) + S(r, f)
<2m+k+1)T(r,L)+ S(r,L).

(ii) duge ching minh.
T (i) va (ii) ta suy ra (iii).
Truong hop 2. FIG?Y = 1. T day suy ra

(F-G)Y=1, F-G=h, hi=1.

Vay
(L Q)P (fP(f)P =h, n'=1

Trudng hop 3. F? = G T day suy ra
F=hG, h'=1.Dodé

(L"Q(L))W = h(fP(f)*, h'=1.

B6 dé 3.2.6 dugce chiing minh. []

Bé6 dé 3.2.7. Cho n,m,k la cdc sé nguyén, m >0, n>m+2, k> 0,
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P(z) va Q(z) la cic da thic bac m. Gid si f la mot ham phan hinh
khdc hing va L la mot L-ham. Néu (L"Q(L))* = h(f"P(f))™, trong
dé h? =1, thi L"Q(L) = hf"P(f).

Ching minh. Ta c6

L"Q(L) = hf"P(f) + s, trong d6 s la mot da thiic c6 bac < k.

Ta chitng minh s = 0. Gi st phan ching rang s # 0. Két hop véi Bo
dé 1.1.18 (Chuong 1), ta suy ra

T(r,s)=9S(r,L), T(r,L)+S(r,L)=T(r,f), S(r,L)=S(r7f).

L"Q(L)

L"Q(L) — 1
(r, . ) + N (r, —LRQ(L))

S

— 1 L"Q(L
+ N (r, Tom . 1) + S (7", s( )) .

S

v6i cac gia tri 0o, 0,1, ta

Ap dung hai Dinh I co ban cho ham

nhan ducc

r(r 2OW) .

=

S

Mit khac,

<T(r,L)4+mT(r, L)
=(m+ 1)T(r,L)+ S(r, L),

_ 1 — 1
N<T’M1>N<T’W”_P(f>>
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()5 (et

< (m+1)T(r, f) +5(r, f),
S (7“, L”Q(L)) = S(r,L).

S

Tt cac bat dang thic trén suy ra riang
(n—m—2)T(r,L) < S(r, L),

mau thuin véi gia thiét n > m + 2. Vay s = 0.
B6 dé 3.2.7 dugc chitng minh. ]

Bé dé 3.2.8. Cho a,b,c,u la cic hang s6 phic khic khong, n va m la
cac s6 nguyén duong, n > m + 3. Ddt

R(z) =az"+ 02", T(z) =uz"+vz""".

i) Néu R(L) =T(f) véi L € S va f € M(C) thi f = hL, trong dé h
la hang so, théa man h™ = g, pm = 9

i) Néu ged(n,m) = l,cu: a,u = ;)), va R(L) =T(f) voi L € S va
feM(@C)th f=L.

i) Néu R(Ly) = T(Ly) vdi L; € S(j = 1,2) thi Ly = Ly va a =

u,b=w.

Chiing minh. Dat
P(z)=R(2)+ 1, Q(2) =T(z) + 1. (3.22)

Bang 1ap luan tuong ty trong phuong trinh (1.27) Chuong 1 cho phuong
trinh (3.22) véi t = ¢ = 1, | = 1, khi d6 ta nhan dugc khang dinh ctia
Bo dé 3.2.8. ]

Ta dung cac bo dé trén dé chitng minh dinh 1y sau day. Mot md rong
cia Dinh 1y 1.1 [48] ctia F. Liu, X.-M. Li va H.-X. Yi nam 2017.
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Dinh 1y 3.2.9. Cho f la mot ham phan hinh khdc hang, L la mot L-
ham khdc hing, n, k la cic s6 nguyén duong, va cho S la tap cdc nghiém
clia don vi bac d. Gid sit ring (f*)* va (L")*) chia s¢ S CM. Khi do
f=tL, trong dé t" =1, néu mot trong hai dieu kién sau théa man:
1)d=1van>3k+6;
2)d>2, vc‘zn>k+1+4]iT+4.

Chatng minh. Ta xét cac dieu kién sau:

Diéu kién 1. d =1 va n > 3k + 6. Ap dung B6 dé 3.2.5 véi m = 0
ta c6 mot trong ba hé thiic sau ding:

1.

i)dn—k—1T(r,L)+ S(r,L) < 4k +4)T(r, f)+ S(r, f),

it) (din—k—=1)=2)T(r, )+ S(r, f) < 2k +2)T(r,L) + S(r, L),

ii) S(r, f) = o(T(r, L)), S(r,L) = o(T(r, [));

2 (LYWW = h, ki =1;

3. (LMW = p(fm® - pd =1,

Ta sé chiing minh 1. va 2. khong xay ra.

Gia st 1. xay ra. V6i r sao cho T'(r, f) < T'(r, L), tu

n—k—=2)T(r,L)+S(r,L) < 2k+4)T(r, f)+ S(r, f)
ta suy ra rang
(n—k—=2)T(r,L)+ S(r,L) < 2k +4)T(r,L) + S(r, L),

(n—3k—06)T(r,L) < S(r,L).

V6i r sao cho T'(r, L) < T(r, f), tt (n — k —4)T(r, f) + S(r, f) <
(k+2)T(r, f)+ S(r, f) suy ra (n — 2k — 6)T(r, f) < S(r, f).

Mau thuan véi gia thiét n > 3k + 6.

Bay gio gia st ta co 2.

(LB =
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T n > 3k +6 > 2k, 4p dung Bo dé 3.1.3 ta nhan dudc L = cje”
va [ = cpe” %, trong d6 ¢y, ca, ¢ 1a cac hang s6 khac khong thoa méan
(=1)*(ci1e9)™(nc)?* = 1. Didu nay suy ra L khong c6 khong diém, mau
thuin v6i B6 dé 1.1.16 (Chuong 1).

Vay ta c6 (L")*) = (f*®) Tun > 3k +6 > 9 > 3, khi dé ap dung
Bé6 dé 3.2.7 ta nhan dugc L" = f". Vay f = tL véi t 1a mot hang s6 thoa

man t" = 1.

< 4k + 4
Diéu kién 2. d > 2, van > k+1+ ; :
Ap dung B6 dé 3.2.6 v6i m = 0 ta nhan dudgc mot trong ba hé thic
sau dung:
1.

i)dn—k—1T(r,L)+ S(r,L) < (dk +4)T(r, f) + S(r, f),

i) (dn—k—=1)=2)T(r, )+ S(r, f) < 2k +2)T(r, L) + S(r, L),

iii) S(r, f) = o(T'(r, L)), S(r,L) = o(T(r, f));

2. (LB (fMy®) = ht =1;

3. (LMW = p(fm®) - pd=1.

Ta sé ching minh 1. va 2. khong xay ra.

Gia st 1. xdy ra. V6i r sao cho T'(r, f) < T(r,L), tt d(n — k —
DT (r,L)+ S(r,L) < (4dk +4)T(r, f) + S(r, f) ta suy ra

din—k—1T(r, L)+ S(r,L) < (4k +4)T(r,L) + S(r, L),
(dn—Fk—1)—4k —4)T(r,L) < S(r, L).
Véi r sao cho T'(r, L) < T(r, f), tu (din—k —1) =2)T(r, )+ S(r, f) <
(2k +2)T(r,L) + S(r, L) ta suy ra
(dn—Fk—=1)—=2k—=4)T(r, f) < S(r, f).

. 4k 4+ 4
Mau thuan v6in > k+ 1+ d+

Bay gio gia su ta ¢
(LB =, pl =1,
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Dat [?" = h. Khi d6

)@Y e

Xét hai truong hgp sau:
Truong hop 1. k= 1. Khi d6 n > 2 +2 > 2. Tt B6 dé 3.1.3 v& bing
lap luan tuong tu nhu khi xét phuong trinh (L") (f")*) = 1 ¢ Diéu
kién 1 ta thay mau thuan.
Trudng hgp 2. k > 2. Xét (3.23). Theo két qué ctia Whittaker [63], ta

pe

CcO

p(f) = p(f") = p((fHW) =1,
p((LM™) = p(L") = p(L) = 1.

Tit day suy ra f 13 ham phan hinh siéu viet. Tt Bo dé 3.1.1, phan ii), va
vi mot L-ham c6 nhiéu nhat 1a mot cyc diém tai z = 1, ta suy ra ring
(fM)¥® c6 nhiéu nhat la mot khong diém tai z = 1. Mt khac, & > 2,
va theo Bo dé 3.1.4, f ¢6 hitu han cuc diéem. Do dé (L”)(k) c6 hitu han
khong diém. Tun > k+ 1 va L ¢6 vo han khong diém ta nhan ducc
(L™)™) ¢6 vo han khong diém. Mau thuin. Vay 2. khong xay ra.

Vay ta chi c6 3. Khi doé ta c¢6

@@ e

Titn > k+1+ %5 > 2 khi d6 4p dung Bo dé 3.2.7 cho (3.24) ta nhan
dugc

(%L)n = (If)", L"=hf", h'=1.

Bang lap luan tuong tu nhu 1. ta nhan duge f = tL v6i ¢t 1a mot hang

s6 théa man "4 = 1, O

Cha ¥ rang, tit Phan 1 ctia Dinh 1y 3.2.9 ta nhan dugc Dinh 1y 1.1
48] ctia F. Liu, X.-M. Li va H.-X. Yi nam 2017 sau day.
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Hé qua 3.2.10. Cho f la mot ham phdan hinh khdc hang, L la mot
L-ham khdc hing, n,k la cic s6 nguyén duong. Gid st rang (f*)* va
(LM®) chia sé 1 OM. Khi dé f = tL, trong dé t" = 1, néu d = 1 va
n > 3k + 6.

Dinh 1y sau day 1a mé rong ctia Dinh 1y 1.10 [43] ctia Li X.-M., Liu
F. va Yi H.-X. nam 2019.

Dinh 1y 3.2.11. Cho f la mot ham phan hinh khdc hang, L la mot
L-ham khdc hang, n,m,k la cic s6 nguyén duong, k > 2,a,b,c,u €
C,a,b,c,u #0, va S la tap cic nghiém bac d cua don vi. Gid su hai ham
(L (cL™ + u))® va (fr(af™ +b)* chia sé tdg S CM, ta nhan dugc

d
N 4 C u
f =tL vdit la mot hing s6 sao cho tM+md = — Va tnd —= ik néu mot
a

trong hai diéu kién sau théa man:
1)d=1,n>3k+m+6;

2)d22,n>max{k+1—l—

d
Dic biét, néua =c, b=u, gcd(n,m)=1vad=1 thy f = L.

4k +2m + 4 }
,m 42 ;.

Chiing minh. 1) Gia st d = 1,n > 3k +m + 6.

Theo B& dé 3.2.5, tit gia thiét hai ham (L"(cL™ + u))™ va (f*(af™ + b))¥

chia sé tap S CM, ta nhan dugc mot trong ba hé thic sau dang:

1.

i)(n—k—=2)T(r,L)+ S(r,L) < (m+2k+4)T(r, )+ S(r, f),

i) (n—k =T, f)+Sr, f)<(m+k+2)T(r,L)+ S(r,L),

i) 5(6.4) = (T D). (D) = o(T(r )

2. (L(cL™ + )™ (fr(af™ + b)) = 1,

3. (L"(cL™ + u))® = (f(af™ + b)W

Néu cac hé thiic trong 1. ho#c 2. dung, thi bang lap luan tuong tu
nhu nhu trong phan ching minh muc 1 va 2 ctia Dinh 1y 3.2.9 ta thay
mau thuan véi gid thiét n > 3k +m + 6.

Vay ta chi c6 dang thitc trong 3. Khi d6 4p dung Boé dé 3.2.7 ta nhan
dugc

L"(cL™ +u) = f"(af™ + ).
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Ap dung B6 dé 3.2.8 ta nhan dude f = ¢tL v6i ¢ 1a mot hing s sao cho
)
a b

2) Gid st d > 2 van > max {k+ 1+ #2204 4y 4 9},

Tt gi4 thiét hai ham (L"(cL™ + u))® va (f"(af™ + b))* chia sé tap
S CM. Khi do, ép dung B3 d& 3.2.6 cho cac ham (L"(cL™ + u))™ va
(f"(af™+ b)) ta nhan dugc mot trong ba truong hop sau:

1.

i)dn—k—1T(r,L)+ S(r,L) <2(m+2k+2)T(r, )+ S(r, f),

i) (dn—k—=1)—=2)T(r, f)+S(r,f) <2(m+k+1)T(r,L)+S(r, L),

ii) S(r, f) = o(T'(r, L)), S(r,L) = o(T(r, f));

2. (L"(cL™ +u)™ (fr(af™ + )" =h, =1,

3. (L(cL™ +u)™ = h(f(af™ + o))", nt=1.

Néu cac hé thitc 6 muc 1 hosic 2 xay ra, thi bang lap luan tuong tu

nhu ching minh ctia 1. vd 2. ctia Dinh 1y 3.2.9 ta thay mau thuan véi
4k +2m + 4 }
,m+2 5.
d
Do dé6, ta c6 dang thiic 3. Khi d6, ap dung Bé dé 3.2.7 ta nhan dudgc

gia thiét n > max {k: +1+

L"(cL™ +u) = hf"(af™ +b), h?=1,

cL"™ 4 ul™ = ahf"T™ 4+ bhf".

Theo Bo dé 3.2.8, tit cac phuong trinh trén ta nhan dude f = tL véi

d
¢ 14 mot hang s6 sao cho tt™Md = — vy ¢d =

al b
Néua=c,b=u,ged(n,m)=1vad=1thit=1.Dod6 f=L. [0
Dinh 1y 3.2.11 cho ta Hé qua 3.2.12 sau day. Hé qua 3.2.12 la Dinh

Iy 1.10 [43] ctia X.-M. Li, F. Liu va H.-X. Yi nam 2019.

Hé qua 3.2.12. Cho f la mot ham phan hinh khdc hang, L la mot L-
ham khdc hang, n,k la cdic s6 nguyén duong, n > 3k + 9,k > 2. Néu
(f"(f = 1)® va (L"(L —1))® chia sé¢ 1 CM thi f = L.

That vay, ap dung Phan 1 ctia Dinh 1y 3.2.11 v6im = 1,a = 1,c =
1,b = —1,u = —1 ta nhan dugc Hé qua 3.2.12.
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Dinh 1y sau day cho ta mdi lién hé gitta ham phan hinh v6i L-ham
khi da thtc vi phan cta ching chia sé tap nghiém cta don vi va lién

quan dén da thitc duy nhat.

Dinh 1y 3.2.13. Cho f la mot ham phan hinh khdc hang, L la mot
L-ham khdc hang, n,m,k la cic s6 nguyén duong, k > 2.5 la tap
nghiém bac d cia don vi, va cho Q(z) la mot da thic bac m. Gid su
ring (f"Q(f))® wva (L"Q(L))*) chia s¢ S CM. Khi dé f = L néu mot
trong hai dieu kién sau dugc théa man:

1)d=1,n>3k+m+6 va z"Q(z) la mot da thic duy nhat cho cdc
ham phan hinh;

2)d>2n> max{k+1+4k+%++4,m+2}, va 2"Q(z) la mot da
thiie duy nhat manh cho cdc ham phdan hinh.

Ching minh. 1) d =1 van > 3k +m + 6.

Ap dung B8 dé 3.2.5 cho cac ham (L"Q(L))® va (f*Q(f))™, va
bang lap luan tuong ty nhu trong ching minh ctia truong hop d = 1 cia
Dinh 1y 3.2.11, ta chi nhan duge truong hop

(L"QL)™ = (f*Q(f)™.

Khi d6, theo B6 dé 3.2.7 ta nhan dudc

L"Q(L) = f*Q(f).

Tu 2"Q(z) 1a da thiic duy nhat cho cdc ham phan hinh ta c¢6 f = L.

4k + 2 4
2)d22,n>max{k—|—1+ +dm+ ,m+2}.

Bang lap luan tuong tu nhu trong ching minh ctia truong hop d > 2
cua Dinh 1y 3.2.11 ta chi nhan dugc hé thic sau:

(L"QL)W = h(f"Q(fNH™, hi=1.
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Khi do, theo B6 dé 3.2.7 ta nhan dugc

L*Q(L) = hf"Q(f).

Tu 2"Q(z) la da thiic duy nhat manh cho cdc ham phan hinh ta suy
ra f=L. ]
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Két luan Chuong 3

Trong Chuong 3, luan an da md rong dinh huéng nghién citu vé ly
thuyét phan bd gia tri va tinh duy nhat déi v6i L-ham va ham phan
hinh duéi su tac dong ciia toan ti vi phan. Cac két qué trong tam da
dat dugc bao gom:

1. Khéo sat bai toan chia sé tap hop ctia cac da thic vi phan sinh béi
hai ham phan hinh. Thong qua viéc phéat biéu va chiing minh Pinh ly
3.2.1 cung cac hé qua tuong tng, luan an da thiét lap thanh cong cac
tap xac dinh duy nhat hitu han cho cac da thiic vi phan c¢6 dang ( f"’)(m)
va f0™ dya trén nén tang ciia da thic duy nhat manh va cac danh gia
ve gia tri khuyét Nevanlinna.

2. Nghién citu sau vé quan hé duy nhat gitta mot L-ham va mot ham
phan hinh khi cac da thic vi phan ctia chiing chia sé tap cac nghiém cua
don vi (tap S). Bang viéc phat bicu va ching minh Dinh 1y 3.2.9 va
Pinh 1y 3.2.11, luan 4n da xac dinh dugc cac hé thic lien hé cu thé
(c6 dang f = tL). Nhing dinh 1y nay la su khai quat héa, mé rong va
cai tién truc tiép cac két quad quan trong da biét trudc day cta F. Liu,
X.-M. Li va H-X. Yi [48] v X.-M. Li, F. Liu va H-X. Yi [43].

3. Thiét lap mdi lien he chat ché gita da thic duy nhat (hodc da
thitc duy nhat manh) va bai toan chia sé tap hop clia cac bieu thic vi
phan dang (f"Q(f))™ va (L"Q(L))*). Két qué ciia Dinh ly 3.2.13 da
khang dinh sy dong nhat f = L duéi cac diéu kién rang buoc cu thé
ve bac cia da thic va luc luong cua tap chia sé, qua d6 lam phong phi

thém céc tiéu chuan nhan biét tinh duy nhét ctia L-ham.
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Két luan chung

Trong luan an nay, ching t6i tap trung nghién cttu bai toan xac dinh
duy nhat cho cac L-ham thuoc 16p Selberg S va cac ham phan hinh trén
mit phang phitc C théng qua viéc chia sé cac tap hop hitu han va da
thitc vi phan.

Cac két qua chinh ctia luan an bao gom:

1. Nghién citu van dé duy nhat cho L-ham va ham phan hinh ¢6 hitu
han cuc diém thong qua viéc thiét lap diéu kien da dé mot da thic la
da thitc duy nhat (Dinh 1y 1.2.3). Tu d6, xay dung thanh cong 16p cac
tap xac dinh duy nhat hitu han S chi v6i 5 phan tit cho ciap ham (L, f)
(DPinh 1y 1.2.4, Hé qua 1.2.5 va Dinh ly 1.3.2).

2. Mé rong bai toan duy nhét cho trudng hop tong quat va téi uu hoéa
luc lugng tap duy nhéat dua trén cac dic tinh giai tich. Cu thé, da thiét
lap céc dinh 1y duy nhat khi chia sé mot hodc hai tap hitu han (Dinh
Iy 2.2.1 va Dinh ly 2.2.6) va chiing minh rang lyc lugng ctia tap xac
dinh duy nhat hitu han S ¢6 thé duge thu gon dang ké khi ham phan
hinh c6 cac gia tri khuyét Nevanlinna (Dinh 1y 2.3.1, Hé qua 2.3.2
va Hé qua 2.3.3).

3. Giai quyét bai toan duy nhat doéi véi cac toan ti vi phan bac cao.
Luan an da xac 1ap tinh duy nhat cho dao ham cap cao (Dinh ly 3.2.1
va Dinh 1y 3.2.9) cung cac cau tric da thic vi phan phic tap dang
(fMaf™ + )" va (f"Q(f))™ (Dinh 1y 3.2.11 va Dinh 1y 3.2.13)

khi ching chia sé tap cac nghiém cta don vi v6i L-ham.

Chiing t6i dé xuit moét s6 huéng nghién ciu tiép theo:

1. Nghién citu mot s6 dang dinh 1y duy nhat mdéi cho L-ham va ham
phan hinh.

2. Tiép tuc nghién citu van dé duy nhat cho L-ham va duong cong
chinh hinh.
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